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Abstract

In this chapter we review previous estimation and sensor fusion approaches in the field of humanoid robotics.
Focus is primarily but not exclusively on state estimation. We model humanoids as free-floating mechanical systems
subject to external forces and constrained by whole-body distributed rigid contacts. Besides state estimation we con-
sider a number of related problems including the estimation of joint torques, contact forces, contact positions and the
center of mass. Previous approaches are discussed with reference to a number of features relevant in humanoids ap-
plications: computational complexity, observability analysis, modeling accuracy and floating base parameterization.
The chapter concludes with a section on future directions and open problems, revisited under the light of previously
discussed approaches.

1 Introduction

Within a control system, the roll of the state estimator is to combine, sometimes disparate, sensor measurements of
the input and output of the system to create an overall estimate of the state (often including a measure of uncertainty)
which is often then used as input to the controller. In humanoid robots the system state estimation is a challenging
problem for the reasons hereafter discussed.

Differently from traditional industrial manipulators, humanoids are free-floating systems — as opposed to being
rigidly fixed to the ground. The global pose of a humanoid therefore contains the overall position and orientation
of the system, which are not directly sensed. Two complications therefore arise. Firstly, the parameterization of
orientations cannot be simultaneously minimal and non-singular. To address this concern, previous approaches either
considered a minimal representation (e.g. Euler angles) or a singularity-free parameterization (e.g. unit quaternions).
Secondly, no direct sensor can estimate the free-floating component of the system pose (external motion capture
systems aside). State estimators therefore need to rely on indirect measurements such as the kinematic constraints
arising from footsteps making ground contact.

Humanoid motion controllers are often applied in real-time and it is often desirable to have computationally effi-
cient implementations of their computations. For example, efficient solutions exist for solving the forward dynamics
[13], i.e. for estimating the joint accelerations given the system state and the applied joint torques. Similarly, computa-
tionally efficient solutions exist for solving the inverse dynamics, i.e. for computing the joint torques given the system
state and joint accelerations. Whole-body state estimation instead is a problem for which different dynamic models
with different level of complexity have been considered in previous literature, trading-off between accuracy and com-
putational complexity. Planar models (e.g. linear inverted pendulum) have been progressively replaced by articulated
and three whole-body dimensional models. Dedicated observability analyses have been conducted to cope with the
complexity and nonlinearity of these models. Even though joint positions are directly measured, velocities and accel-
erations require filtering which causes lags and therefore instability in the controller. Gyroscope and accelerometers
can mitigate these drawbacks.

When in contact with the environment, humanoids are often represented as free-floating systems subject to physical
constraints that represent the environmental contacts. Their state therefore is constrained to and evolves in a manifold
whose topology is non-trivial, especially when the system is constrained at multiple contact locations. The state
estimation problem should take these constraints into account to exclude those hypotheses which are not compatible



with the physical bounds of the considered system, including joint limits and collisions. Contacts and constraints
generate forces normal to the constraint surface [23]]. In this sense state estimation is crucial but a full characterization
of the humanoid whole-body dynamics requires also the estimation of internal and external forces. Within this context,
internal forces lead to joint torques and motor friction identification; external force allow estimation of exchanged
contact forces with humans (for safety) and with the environment (for postural control).

Finally, estimation often relies on a several parameters which influence the estimation accuracy itself. Examples of
these parameters, often referred to hyper-parameters, are sensor bias and sensor positioning. Tuning of these param-
eters can be either handled on-line with some adaptive strategies or off-line with suitably defined batch procedures.
Sensor bias is often assumed to be a slowly drifting corrupting signal and it has been estimated on-line by assuming a
random walk dynamics model. Other calibrations, such as the sensor positions, are typically estimated off-line with a
batch procedure.

2 Structure

The present chapter surveys previous approaches to several estimation problems related to humanoid robotics. The
chapter is divided into sections. Each section focuses on a specific estimation problem as described in Section [4]
and previous approaches are categorized according to the estimated variables and estimation features. Table [1| sum-
marizes the proposed classification. A first group of columns clusters previous approaches according to the type of
estimated variables. State estimation is subdivided into joint related (i.e. joint positions, velocities and accelerations)
and floating-base related quantities (i.e. floating-base position, orientation and accelerations). Force estimation is
subdivided into internal (i.e. joint torques) and external (i.e. contact) force, the latter being subdivided into magnitude,
direction and position estimation. Estimated variables also include the center of mass position and sensor biases, which
are often included among the state variables. A second group of columns clusters previous approaches according to
the features of the estimation algorithm. As discussed in the introduction, several features are considered. The column
labeled “real-time performances” refers to the computational cost of the estimation procedure. Two columns concern
hyper-parameter calibration and in particular sensor geometric calibration and joint friction identification. The column
“observability analysis” identifies the approaches which propose a mathematical analysis to guarantee that estimated
variables can be inferred from available sensors. Other important features are related to the trade-off between ac-
curacy and complexity of the underlying dynamical model that represent the humanoid body structure. Within this
context, we distinguish between three-dimensional versus planar and articulated versus rigid body models. The column
“global parameterization” identifies those approaches which adopt a non-singular versus minimal parameterization for
the free-floating state orientation. Finally, a dedicated column identifies previous works explicitly modeling physical
constraints (e.g. joint limits and positivity constraints) in the estimation.

The chapter is organized as hereafter described. Section [3] introduces the notation used in the chapter. Section
[] describes the estimation problem and Section [5| discuss the current state of the art. Section [6] speculates on future
directions and defines open problems. Finally Section[/|draw the conclusions.

3 Notation

3.1 Points and coordinate frames

A frame is defined as the combination of a point (called origin) and an orientation frame in 3D space. We typically
employ a capital letter to indicate a frame. Given a frame A, we will indicate with o4 its origin and with [A] its
orientation frame. Formally, we write this as A = (04, [4]).

Frames can be time varying. They can be used, for example, to describe the position and orientation in space of
a rigid body as time evolves. They are also used to expressed a coordinate system for a wrench exchanged by two
bodies or used to define a coordinate system so as to describe a robot task (like a frame attached to the center of mass
and oriented as the inertial frame).

Newtonian mechanics requires the definition of an inertial frame. In this document, we usually indicate this frame
simply with A (the Absolute frame). As is common practice, for robots operating near the Earth surface, we will
assume the frame A to be fixed to the world’s surface and disregard non-inertial effects due to the Earth’s motion.
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Table 1: The table presents a classification of previous works on state estimation for humanoid robots. The adopted
classification criteria are subdivided into estimated variables and estimation features. Estimated variables are separated
into joint and floating base variables. Additional relevant variables have been included in the classification: joint
torques, external forces and center of mass position.



3.2 Coordinate vector of a point

Given a point p, its coordinates with respect to a frame A = (04, [A]) are collected in the coordinate vector “p. The

coordinate vector “p represents the coordinates of the 3D geometric vector 7 ,,,, connecting the origin of frame A
with the point p, pointing towards p, expressed in the orientation frame [A], that is

— —
Toap LA
—

pi= roA7p~ZA € R3, (D
— =

Toap %A
with - denoting the scalar product between two vectors and pd A ; A Z 4, the unit vectors defining the orientation
frame [A].
3.3 Change of orientation frame
Given two frames A and B, we will employ the notation:
ARp € S0O(3) 2)

to denote the coordinate transformation from frame B to frame A. The coordinate transformation 4 R only depends
on the relative orientation between the orientation frames [A] and [B], irrespectively of the position of the origins 04
and op.

3.4 Homogeneous transformation

To describe the position and orientation of a frame B with respect to another frame A, we employ the 4 x 4 homoge-

neous matrix " A
R 0
A . B B
Hp = {leg 1 } . 3)

Given a point p, the homogeneous transformation matrix 4 Hp can be also used to map the coordinate vector 4p
to Bp as follows. Let 4p and Zp denote the homogenous representation of “p and Pp, respectively. That is, let
Ap = (4p; 1) € R* and likewise for B (note that ; indicates row concatenation). Then

4p="Hp"p, “)
which is the matrix form of 4p = ARpBp + 4op. We refer to [23, Chapter 2] for further details on homogeneous

representation of rigid transformations.

3.5 Velocity vectors (twists)

In the following, given a point p and a frame A, we define

. A
= — . 5
pi= (“p) (5)
In particular, when p is the origin of a frame, e.g., p = op, we have
) d
AOB = % (AOB) .
It is important to note that, by itself, expressions like 05 or p have no meaning. Similarly to (3)), we also define
. d
A A
Rp:=— ("R 6
B= (“Rp) (6)
and
- d ARp 4o
A A B B
Hp :=— ("Hp) = . 7
B= (“Hp) {le?) 0 ] (7



The relative velocity between a frame B with respect to a frame A can be represented by the time derivative of the
homogenous matrix “ Hp € SE(3). A more compact representation of AHp can be obtained multiplying it by the
inverse of 4 H g on the left or on the right. In both cases, the result is an element of se(3) that will be called a rwist.
Premultipliying on the left, one obtains

Ap=1Afy, — ARL  —ARLAop] [*Rp “op
B 01><3 1 01><3 0
[k ] o
O1x3 0

Note that A RLA Ry appearing on the right hand side of (8] is skew symmetric. Define v 4 5 and Pwa g € R? so
that

BUA7B = Afng(')B7 (9)
Bwh pi="RLRp. (10)

The left trivialized velocity of frame B with respect to frame A is

B L B'UA,B 6
VAB = |B € R". (11
WA,B
By construction,
Byip="H;""Hp. (12)

Note the slight abuse of notation in using the hat operator A in (I0) and (T2) that maps a vector into its corresponding
matrix representation (respectively, from R? to R3*3 and from RS to R**4),
Specularly to what done in (8)), right multiplying “ Hp by the inverse of 4 Hp leads to

AfpAH = ARp “op| [ARE —ARL40p
01><3 0 O1><3 1
_ {ARBARE AO‘B_ARBAREAOB} a3)
O1x3 0 '
Define AvA’B and AwA’B € R3 as
A’UAB = AOB — ARBAREAOB (14)
AWl p="Rp"RE. (15)
The right trivialized velocity of B with respect to A is then defined as
A Avap 6
VAB = |4 € R". (16)
WA,B
By construction,
Avip="Hp Hg". (17)

3.5.1 Expressing a twist with respect to an arbitrary frame

Straightforward algebraic calculations allow to show that the right and left trivialized velocities Ay A, and By A,B are
related via a linear trasformation. Following the notation introduced in Featherstone [[13]], we denote this transforma-
tion 4 X 5 and define it as

A A, NA
AXB .= |: Rp OBARB:| c R6X6. (18)
03x3 Rp
‘We have therefore
Aap="XpPvap. (19)

The inverse transformation is simply given by BX 4 = 4X 51, an exercise we leave to the reader (recall that “op =
A R B
—“Rp~oa).



3.6 Jacobians

The goal of this section is to arrive at a precise, unambiguous notation to denote the ‘geometric Jacobians’ for fixed-
based and, in particular, free-floating multibody systems.

In this section, A will denote the (absolute) inertial frame and B a frame rigidly attached to one of the bodies com-
posing the multibody system, selected to be the floating base. The configuration of a free-floating multibody system
will be parametrized using ¢ = (H,qs) € SE(3) x R™, with H = *Hp € SE(3) representing the pose (position
and orientation) of the floating base frame B and g; € R™” the internal joint displacements. The configuration space
(more correctly, the configuration manifold) has correspondingly dimensionn = 6 + n;.

Let E be a frame (rigidly) attached to an arbitrary body to be used, e.g., for the specification of a task to be executed
by the robot. The frame E could represent, e.g., the pose of a specific frame rigidly attached to a end effector of a
robot manipulator, like a hand or foot of a humanoid robot. Let

AHp = *Hg(q) = *Hp(H,q)) (20)

denote the homogeneous transformation expressing F with respect to A as a function of the configuration ¢ = (H, q).

Let §H denote an infinitesimal perturbation of the pose of the floating base —in the language of differential ge-
ometry, 0H € Ty SE(3)- and ¢ an infinitesimal perturbation of the joint displacements. Then, the corresponding
infinitesimal perturbation of frame E can be computed as

ASHp =“D1Hgp(H,q5) - 6H +“ Do Hg(H, q5) - 8¢, 1)

where we recall that H is a short form for 4 Hp and 6 H a short form for 46 Hp. Define the trivialized infinitesimal
perturbations “A 4 5 and A 4 5 € RS such that

EAN p="Hy" *Hg (22)
and
BAL p="Hg' *Hp. (23)

Combining (22)) and (23) together with (Z1)), it is straightforward to show that “A 4 g depends linearly on ZA A,B and
dqy. Such a linear map defines the “geometric Jacobian” for a floating base system. It will be indicated with the symbol
By A,E/B to indicate that the Jacobian allows to compute the infinitesimal perturbation of frame E relative to frame
A,expressed with respect to frame E (a first left-trivialization), based on the infinitesimal perturbation of the internal
joint configuration and that of the floating base B, the latest expressed with respect B (a second left-trivialization).
For this reason, we will refer to ©.J A,E/B 88 a double left-trivialized geometric Jacobian. In formulas, we get

BA
EAA,E = EJA,E/B(AHB>QJ) [ dqﬁ)B} . (24)

The infinitesimal perturbation of frames £ and B can be clearly be expressed with respect to arbitrary frames, let us
say, C and D. The geometric Jacobian ©.J A,E/C 18 related to EJ A,E/B by the transformation

PJapic="Xe"Tsp"Ye, (25)
with
B
By, . Xco  Osxny . (26)
OTL.]XG ITLJXTLJ

The special case Z141.J 4 /514, obtained from the above formula with D = E[A] and C' = B[A], will be denoted the
mixed-mixed geometric Jacobian.



3.7 Free-floating rigid body dynamics

Here we introduce the notation that we use to write, in a compact form, the equations of motion of a free-floating rigid
body system. As mentioned in Section[3.6] the configuration of a free-floating rigid body system will be parametrized
as q = (H,qy) := (*Hp,qy), where A is the inertial frame, B the (selected) floating base frame and ¢; € R™ the
joint displacements.

The kinematics of the (floating base) rigid body system are written treating the configuration manifold ) =
SE(3) x R™ as the Lie group defined by the group direct product SE(3) x R™. Seeing @ as a Lie group, employing
the mixed velocity of the floating based B, allows one to write the derivative of the configuration ¢ = (H ,q4g) as

qg=qYv, (27)

where v = (v, ¢y) denotes the mixed generalized velocity of the floating-base rigid-body system, i.e., v := [Aly =
(B[A]V AB,q7), and ¥V = B YB4) is the natural extension of the velocity transformation X, introduced in Sec-
tion [3.5.1] to the Lie algebra of ). The structure of the generalized velocity transformation Y has been introduced
previously in (26)) and it is formally defined in such as a way that

Yv = B}QﬂA]BPﬂV

= 5Ypa (PN a5, q)
= (PXp®Mva s, qs)

= (Bvap q) =P (28)

Note how Y acts on the floating base velocity v, leaving the joint velocities ¢y unaltered. The configuration ¢ and the
mixed generalized velocity v can then be used to write the dynamics of the floating-based rigid-body system as

M(q)v+Clgv)v+Glg) =STr+ > I ()i (29)

€N

with M the (mixed) mass matrix, C' the (mixed) Coriolis matrix, G the (mixed) potential force vector, S := [0sxn_,; In, xn,]
the joint selection matrix, T the joint torques, Zy the set of closed contacts, f; := ¢, (4] f; the ¢ — th contact wrench,
and

Ji(q) = ¢4 Ja,L,/B14(Q) (30)

the mixed-mixed geometric Jacobian associated to the contact frame C;, where we used the notation introduced in
Section[3.6] where L; is the frame rigidly attached to the link that is experiencing the i-th contact.

3.8 Additional definitions

Kinematic trees ordering. In the following sections, we restrict the analysis to robots described by kinematic trees
(i.e. robots with no kinematic loops) composed of Np rigid links numbered from 0 to Nz, 0 being the selected fixed
base (world reference frame) and 1 being the selected floating base (reference rigid body in the articulated chain). Link
numbering is obtained by defining a suitable spanning tree where each rigid link is associated to a unique node in the
tree. Numbers can be always selected in a topological order so that each node ¢ has a higher number than its unique
parent A(%) and a smaller number than all the nodes in the set of its children p(¢). Links 4 and A(7) are coupled with
the joint 7 whose joint motion constraints are modelled with S; € R6%", n; being the number of degrees of freedom
of joint ¢ and n = nj + - -+ + ny, the total number of degrees of freedom excluding the floating base.

Proper acceleration. Adopting a naming convection common in relative relativity theory but without entering the
details of its definition, we will use the term proper acceleration. In the scope of this chapter, it is sufficient to iden-
tify the proper acceleration with the quantity measured by an accelerometer. Let og be the origin of the accelerometer
frame S and let A be an inertial frame. In a gravity field g, the proper acceleration is © R 4 (Aés -4 g) . The proper ac-
celeration of an object which is not accelerating in an inertial frame is —g; this is the case of a stationary accelerometer
placed on a table. Moreover, the the proper acceleration of a free-falling object is zero.



Wrench. We will often refer to the term wrench which corresponds to the six dimensional vector obtained by the
vertical concatenation of a three dimensional force and a three dimensional torque.

4 Problem formulation

In this chapter we consider the estimation problems arising in the field of humanoid robotics. In controlling a system it
is often assumed that the system pose is known. In the context of control theory, this requirement can be formalized by
saying that a controller often requires an estimation of the system state. In this chapter we consider the state estimation
problem for a particular class of systems, nominally free-floating articulated rigid-bodies. These systems belong to
the broader class of lumped parameter mechanisms, for which the state has two components: the configuration and
the associated velocity. We specifically focus on the problem arising from the fact that humanoids are free-floating
systems. The robot pose is parametrized by a global set of coordinates. Since the pose includes the orientation of
the base frame choosing a global parametrization implies that a non-minimal set of coordinates (i.e. homogenous
transformations) has been preferred to minimal ones (e.g. Euler angles). The robot velocity v instead includes the
twist of the base from motion and therefore the robot velocity v does not coincide with the time derivative of the robot
pose q. The algebraic constraints acting on the system which can be used to represent whole-body distributed rigid
contacts. The system dynamics are therefore described by the following differential algebraic equation:

q:(H7qJ)a v = (V7q.J)a (313.)

M(q)p + Clg,v)v + Glg) = Y T (@fi = Y Jh(@ff = ST, (31b)
i€In €T,

VieIn  Ji(qQv+ Jilq,v)v = 0. (31c)

The algebraic constraints represent the rigid contacts acting on the free-floating system (e.g. foot contacts). The
differential equation (31B) corresponds to the free-floating system [29) with additional contact forces f;(i € Zn) and
external forces (i € Z% ). The location of the latter is identified by the associated Jacobian J; ,(q). A peculiarity of
free-floating systems is that the system configuration (q) has two components: the joint positions (¢; € R"” in Section
and the system rotation-translation (H € SE(3) in Section . In this chapter we consider different estimation
problems associated with humanoid robots described as in (3T).

Problem 1 (Joint velocity and acceleration estimation). Consider the differential algebraic equation (31). Given a set
of sensors estimate the joint velocities ; € R™ and acceleration y € R™’.

Problem 2 (Joint torques estimation). Consider the differential algebraic equation (31). Given a set of sensors esti-
mate the joint torques T € R™7.

Problem 3 (External force estimation). Consider the differential algebraic equation B1). Given a set of sensors
estimate the external forces {;(i € In), ¥ (i € %) and their locations J;(q), J; (q).

Problem 4 (Floating-base estimation). Consider the differential algebraic equation (31). Given a set of sensors
estimate the floating-base component H € SE(3) of the state vector q.

5 Problem solution: state of the art

In this section we propose a number of estimation problems which have been addressed in the field of humanoid
robotics. Section[5.1]|presents previous literature on the problem of joint velocity and acceleration estimation (Problem
[I). Section[5.2] presents previous literature on estimating joint velocities and accelerations (Problem [2). Section
focuses instead on the problem of estimating joint torques (Problem[2). The problem of estimating external and contact
forces (Problem [3) is considered in Section[5.3] which considers separately the problems of force localization (Section
[5.3.2) and magnitude, direction estimation (Section [5.3.T)). Two dedicated sections present solutions of the floating-
base estimation problem (Problem [4) subdivided into two subcategories. In particular, Section [5.4] and Section [5.3]
discuss estimations which rely or not on range and vision sensors. Finally, Section[5.6|considers combined approaches
which handle simultaneously different estimation problems (e.g. calibration, physical consistency, torque and floating
base estimations).



5.1 Joint velocity and acceleration estimation

Classical control algorithms for fixed-base robots [[34] and their extensions to free-floating robots [26] require access to
joint velocity measurements. Traditionally, joint positions ¢ can be directly measured with joint encoders from which
joint velocities ¢y and accelerations ¢y are computed via numerical differentiation. These estimations are often too
noisy to be used in a control algorithm and filtering them introduces a potentially-destabilizing time delay, preventing
the use of feedback gains high enough to achieve satisfactory stiffness and damping. Recently the use of miniaturized
gyroscopes and accelerometers have been proposed as a possible source of information to achieve reliable velocity
and acceleration estimation. In the following we discuss three approaches recently proposed by Vihonen et al. [41]],
Xinjilefu et al. [47] and Rotella et al. [32] to exploit whole-body distributed accelerometers and gyroscopes.

Vihonen et al. [41] addressed the problem of joint velocity and acceleration estimation to circumvent issues related
to limited joint-encoder bandwidth and lag induced by classical filtering. The authors propose an estimation strategy
based on rate gyros and accelerometers only, pointing out that magnetometers are unusable in many practical situations.
Estimated quantities include joint velocities and joint accelerations. Joint velocities are recursively estimated from
the chain root to the leaves (see the link ordering defined in Section as the difference between the link angular
velocity (as measured by the attached gyroscope) and the sum of previous joint velocities. Similarly, joint accelerations
are estimated as the difference between the link angular acceleration and the sum of previous joint accelerations.
Since no direct link acceleration measurement is available, the authors propose two estimation strategies: numerical
differentiation on one hand, direct estimation on the other. The latter is based on six linear accelerometers rigidly
attached at different locations of a rigid link and authors show that the link angular acceleration can be estimated
by combining the measurements from accelerometers and gyroscopes. The authors present some accuracy results:
angular error 0.7[deg| peak absolute error (PAE) and 0.16[deg| root mean square error (RMSE), joint velocity error
0.07[deg/s] RMSE, joint acceleration error 8.3[deg/s*] RMSE.

Rotella et al. [32] proposed a very similar approach with applications to humanoid robotics. Joint accelerations
are estimated with a procedure similar to the one presented in [41] which exploits a second inertial measurement
unit attached to each link. Authors propose a calibration procedure which allows estimation of the sensors’ positions
and the orientations. The procedure relies on the gyroscopes measurements whose time derivatives are numerically
computed with zero-delay filters, exploiting the fact that off-line calibration procedures can rely on acausal estimations
strategies. Accuracy of the estimation is improved with a Kalman filter to fuse joint velocities and accelerations
computed from inertial sensors with joint position sensor measurements. The joint velocity filter adopts two different
definitions of its state dynamics. First, authors propose to use measured joint torques and end-effector wrenches with
the robot’s whole-body dynamic model. Second, authors proposed a simple first order approximation of joint velocities
by assuming that joint accelerations are either estimated or replaced by the desired or predicted joint accelerations from
the applied controller. Experimental results have been proposed to compare link 3D velocities, with joint velocities and
calibrated joint velocities; the validation is conducted by proving that estimated velocities allow to increase velocity
gains with improved tracking performance in performing a sinusoid tracking experiment.

Xinjilefu et al. [47] proposed a similar approach based on a Kalman filter with a state containing the vector of
joint velocities. The measurement set included the derivative of the sensed joint positions and the available gyro-
scopes. As in [32], the state dynamics include desired acceleration computed by the applied controller (in this case
a QP controller). A sequential Kalman filter is adopted to reduce computational complexity with a block diagonal
noise covariance matrix. Gyroscopes orientation are calibrated in SO(3) with an analytic solution of the associated
least squares problem identical to the one proposed in [32]]. Gyroscope biases are calibrated at the beginning of the
experiment and no results of on-line estimation were provided. The comparison of the proposed Kalman filter with
classical (causal and acausal) filtering strategies shows that the Kalman filter traces are about 15-20[ms] faster than
the low pass filtered ones.

5.2 Joint torque estimation

Joint torques are yet another important component of the differential equation (31)) governing a humanoid dynamic
behavior. Even though joint torques are not part of the system state, their estimation is crucial to improve the system
state estimation accuracy. In this section we discuss the problem of joint torque estimation which often boils down
into the problem of distinguishing the two components which contribute to the total joint torque: the actuating motor
torques, 7, and the external joint torques due to the i-th contact, J; (¢)f; in (BTB). In the following we discuss previous
approaches to the problem of joint torque estimation. De Luca et al. [7], Tien and Albu-Schiffer [39], Park and



Chung [29] and Sotoudehnejad et al. [35] have proposed approaches which estimate external joint torques given a
measurements of the joint motor torques. Zhang et al. [49] and Fumagalli et al. [[14] have focused on the problem of
estimating motor torques given total joint torques.

De Luca et al. [7]] proposed an approach to estimate the effect of external forces on joint torques from motor torque
measurements. Their approach is based on the definition of a dynamic quantity, the residual, which acts as a collision
identification signal. Its has two main features: first, it can be computed from the motor torques and the joint positions
and velocities; second, its dynamics are governed by a linear differential equation and therefore the residual is zero if
no external contact force is applied to the manipulator. The definition of the residual for both rigid and elastic joint
manipulators is proposed by maintaining the two aforementioned features. Tien and Albu-Schiffer [39]] adopted the
approach in [[7] at the actuator level and exploited the residual computations to estimate the joint friction, modeled as
the sum of two linear terms: Coulomb and viscous friction.

Park and Chung [29] extended the residual approach proposed by De Luca et al. [7] to estimate both actuating
motor torque and external link torque. Authors, point out that the residual definition in [7] can be framed within
a general theoretical framework, named linear disturbance observer (DOB). The proposed approach is tested on an
elastic joint prototype with custom torque sensors.

Sotoudehnejad et al. [35] proposed yet another extension of the residuals concept, focusing in particular on the
problem of using time varying thresholds on the residuals to detect external contacts. Authors proposed an accurate
model of different modeling errors to define tight thresholds. Considered errors include friction models and uncertain-
ties on the manipulator dynamic parameters (mass, inertias, centers of mass).

Zhang et al. [49] proposed a technique to estimate joint torques by accurate measurements of the harmonic drive
flex spline deflections. The proposed experiments rely on two encoders whose difference is proportional to the spline
deflection. An high resolution encoder is placed on the joint and a standard optical incremental encoder measures the
motor position. The obtained estimation accuracy is satisfactory, considering that the root mean square error averages
0.25[N'm| and never exceeds 0.5[Nm]. This level of accuracy requires extensive modeling of phenomena which are
often neglected. First authors characterized the harmonic drive kinematic errors (the deviation from the ideal gearbox
behavior) with periodic functions. Second, authors modeled the flex-spline stiffness with a quadratic curve subject to
an hysteresis effect.

Fumagalli et al. [14] considered the problem of joint torques estimation with whole-body distributed force/torque
and tactile sensors. The proposed estimation strategy consists in a modified recursive Newton-Euler algorithm (RNEA)
for solving the associated inverse dynamics problem. The classical RNEA boundary conditions (end-effector forces
and base accelerations) are replaced with available measurements (embedded force/torque sensors and inertial mea-
surement units). The RNEA propagation ordering is redefined according to the position of external contacts, sensed
at real-time by the tactile sensors. Successive publications from the authors have shown that the proposed estimation
strategy can be used to estimate the joint viscous and Coulomb frictions and to implement inverse dynamic control
strategy with torque control [26]. Moreover similar estimation strategies have been proven to be applicable on the
HRP-2 humanoid, which is not equipped with tactile sensors and is not equipped with joint torque sensing technolo-
gies [LLO].

5.3 Force estimation

External f and contact f; forces act as external inputs on humanoids. Their estimation is therefore fundamental for a
complete characterization of the robot dynamic behavior. In the absence of reliable tactile technologies, previous ap-
proaches mainly focused on the problem of estimating the position of externally applied forces (Section[5.3.1)). Within
this context, authors proposed some strategies to estimate the applied force magnitude but all proposed solutions suffer
of identifiability issues [20L 21]]. Section[5.3.2]discusses exact solutions to the problem of estimating contact wrench
magnitude and direction, relying on the assumption that contact locations are sensed with a tactile sensor.

5.3.1 Force position estimation

In this section we discuss previous approaches on the estimation of contact location which reduces to the problem of
retrieving the Jacobian of the associated contact point.

Del Prete et al. [8] considered the problem of estimating the position of an external contact assuming that the
contact generates a pure force (i.e. null torque) and its effects are sensed with a force/torque sensor embedded in
the robot structure (e.g. at the robot base). The estimation relies on the classical force transformation principle [34}
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Section 3.8.3] according to which the spatial transformation of a pure force generates a torque equal to the cross
product of the application vector and the applied force. Estimating the application vector (i.e. the contact location)
boils down to a linear least squares which identifies a unique solution if at least two non collinear forces. The proposed
procedure allows the calibration of a tactile array. The achieved spatial resolution is 7mm but can be improved to 6mm
projecting the estimated locations on the mesh representing the robot geometry.

Magrini et al. [20] proposed a contact estimation strategy which is based on the residual concept proposed by De
Lucaetal. [7]. The estimation of the contact location relies on a Kinect to detect the human posture and on a robot three
dimensional rendering to predict possible contact location on the robot surfaces. Given the contact location, a least-
square estimation is proposed to obtain the contact force magnitude and direction via a Moore-Penrose pseudo-inverse
computation. Only the force components which do not lie on null space of the contact Jacobian can be estimated and
this is a limitation of the proposed approach.

Manuelli and Tedrake [21] formulated another contact estimation strategy based on [[7] and extended it to the
case of multiple contacts. Authors propose to solve two problems simultaneously: contact location on the one hand
and external force estimation on the other. To reduce the associated computational complexity, the two problems are
separated to exploit the fact that the force estimation problem is convex if contact locations are known. The proposed
estimation problem is solved with a particle filter. Authors interestingly highlight several limitations of the proposed
approach, focusing in particular on the effect of model uncertainties and on force magnitude identifiability issues.

5.3.2 Force magnitude and direction estimation

In this section we focus on the problem of contact wrench estimation. Previous approaches assume that contacts
happen at known locations [28| [30] which might be sensed with a whole-body distributed tactile sensor [9} (6].

Park and Khatib [28]] considered the problem of estimating contact forces assuming a spring contact model for the
external forces. A classical task-space inverse dynamics controllers is adopted to control contact forces. The proposed
estimation technique, named Active Observer (AOB), consists of a Kalman filter for estimating the difference between
the input command force and measured output force.

Petrovskaya et al. [30] extended the AOB estimator in [28]] to include the geometric model of the interaction.
In particular, the proposed approach defines a probabilistic model of the robot and the environment. The estimation
strategy aims at estimating the position of the contact point on the robot, while maintaining constant the model of the
environment. Estimation is limited to the single contact case even if experiments include some multi-contact scenarios
handled with compliant exploration strategy described by Park and Khatib [28].

Del Prete et al. [9]] proposed a strategy to estimate contact wrenches given whole-body distributed force/torque and
tactile sensors. The estimation strategy relies on the joint torque estimations described by Fumagalli et al. [14]] and
detailed in Section[5.2} As a by-product of the rearranged Newton-Euler recursion, authors present an algorithm to
compute the total (external) wrench acting on a subpart. Subparts are defined by the kinematic subchains obtained by
dividing the robot at the level of the available force/torque sensors. Exact estimation is possible only if there is exactly
one contact wrench per subchain; otherwise an approximated solution based on linear least-squares is proposed.

Ciliberto et al. [6] extended previous approaches by Del Prete et al. [9, 8] which rely on distributed tactile sensors.
At first, the approach in [8] is used to perform a spatial calibration of the tactile elements. Then, another calibration
procedure is used to estimate the tactile sensor stiffness by correlating the force/torque measurements with the per-
ceived tactile pressure. The resulting stiffness calibration allows to retrieve the normal component of all forces applied
on the tactile sensors thus reducing the approximation errors described in [9].

5.4 Free-floating state estimation without range and vision sensors

In this section we consider the problem of estimating the state of a free-floating mechanical system. The section is
divided into two categories depending on the parameterization adopted for the free-floating system. Section [5.4.1]
presents approaches that consider the center of mass position as part of the system state. In particular Xinjilefu and
Atkeson [43]], Stephens [37]] and Pongsak et al. [31] proposed approaches focusing on the estimation of the center of
mass position and velocity. For sake of reducing computational complexity, these approaches have dealt either with
a simplified model of the system (e.g. linear inverted pendulum model, LIPM) or with a reduced (if not minimal)
set of coordinates (e.g. joint coordinates). Section [5.4.2] presents previous approaches which parametrized the free-
floating system state with the floating base pose, represented by the quantities H € SE(3) and v € R? in (BI).
These approaches typically define a full-body articulated model. Benallegue and Lamiraux [3]] focused on estimating
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the humanoid pose assuming that uncertainty is concentrated at the ankle. Rotella et al. [33] included the humanoid
odometry in the pose estimation, considering the kinematic constraints induced by footholds. Xinjilefu et al. [44} 45]]
proposed two approaches to reduce the computational complexity of whole-body estimation and to include linear
inequalities to the estimation.

5.4.1 Center of mass estimation

Pongsak et al. [31] proposed one of the very first approaches to the problem of estimating the center of mass po-
sition and velocity of a humanoid robot. Considered measurements are provided by two linear accelerometers and
a gyroscope. The estimation strategy considers the humanoid as a single rigid body subject to an external wrench,
represented as a measured input in the rigid body dynamics. The resulting dynamical system is linearized about the
horizontal and stable position. All measurements (accelerometers and gyroscope) are corrupted by noises. Modeling
these noises with the information provided by the sensor manufacturers, authors propose an optimal H-filter for the
associated estimation problem.

Stephens [37]] has proposed a linear inverted pendulum model (LIPM) to estimate some kinematic (centre of mass
position and velocity) and some dynamic (centre of pressure and external forces) variables. The proposed estimation
strategy deals with modeling errors such as measurement offsets and external disturbances. The author consider the
associated state equations (e.g. center of mass offset, external force offset) and conduct an observability analysis
on each of the proposed alternatives. The comparison of the different approaches is conducted with a validation
experiment on the Sarcos humanoid. The drawn conclusion is that the presented models will not allow the estimation
of both center of mass offset and external force disturbances and that there is a trade-off between precisely estimating
the disturbance and the state.

Xinjilefu and Atkeson [43] proposed yet another approach to the problem of estimating the centre of mass position
and velocity of a walking humanoid robot. Goal of the paper is to quantitatively compare the results obtained with the
approach proposed in [37] with those obtained with an alternative estimation strategy based on a five-links humanoid
planar model. In the linear inverted pendulum model, considered sensors are the feet position with respect to the center
of mass and the distribution of vertical forces among feet; in the five-links model sensors are joint angles, joint torques,
force/torque sensors at contacts, and an IMU mounted on the torso. The estimation is conducted over several footsteps
and virtual measurements are included in the estimation to represent non-slipping feet contacts and the associated
kinematic constraints. Experiments show that the Kalman filter based on the planar five-links model outperforms the
LIPM filter, mainly due to the torso rotating around the hip joint during walking.

5.4.2 Floating-base state estimation

In the previous section we discussed approaches which have been proposed in literature to estimate position, velocity
and acceleration of free-floating articulated rigid bodies. These approaches considered either simplified models or
reduced (if not minimal) set of coordinates (e.g. joint coordinates) for sake of reducing computational complexity. In
this section we discuss recent approaches have considered full-body models which guarantee the physical consistency
of the resulting estimation.

Aoustin et al. [2] considered a very specific estimation problem: the orientation of the planar humanoid Rabbit.
The particularity of the proposed approach is the conducted observability analysis which relies on the existence of
a state-space transformation of the underlying nonlinear dynamic model. The transformation leads to an almost-
linear representation (Brunovsky’s form) which allows the application of different observers: a high gain observer, a
step-by-step sliding mode observer, and an observer based on high order sliding mode differentiation. No significant
differences were observed among the proposed estimators which lead to similar errors: less than 2[deg] error was
observed on orientations and less than 0.65[rad/s] on angular velocities.

Benallegue and Lamiraux [3] considered a simplified floating-base estimation problem for the HRP-2 humanoid,
assuming prefect whole-body kinematics but uncertain kinematics at the ankle, modeled as series elasticity concen-
trated at the foot. The authors represent this uncertainty as a pure rotation, assuming that linear translations of the
compliance are negligible. Constraints on the system (such as contact points at the feet) are represented as virtual
measurements as proposed by Xinjilefu and Atkeson [43]]. The estimated state is composed of angular and linear
position, velocity and acceleration of the floating base. The authors adopted a state transition model based on a sim-
ple integrator and a random walk for the floating base acceleration. The estimation strategy is based on an extended
Kalman filter with measurements from the the robot gyroscope and accelerometer. Validation experiments consisted of
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stabilizing the humanoid hand in an inertial reference frame, using the estimated floating-base position to compensate
for the ankle elasticity; results show that the resulting positioning error reduces from 20[cm] to 2[cm] thanks to the
proposed estimation strategy.

Rotella et al. [33]] proposed a humanoid floating-base estimation strategy which extends the approach by Bloesch
et al. [4] which was initially designed and tested on quadrupeds. The underlying idea is to include kinematic constraints
(such as footholds) to infer the floating-base motions due to the (measured) joint motions. The proposed filter state
contains the base position, the base velocity, the base orientation and the foot positions in the world reference frame. A
quaternion based representation of the robot attitude allows one to obtain a global singularity-free representation. The
system state is augmented to represent the accelerometer and gyroscope biases. An extended Kalman filter approach is
proposed to solve the estimation problem. An interesting observability analysis is conducted by means of a taxonomy
of rank deficiencies based on the different gait phases (single point foot, double foot point contact and flat foot).
Reported localization errors in simulation are minimal: 0.05[m/s] on linear velocities, 0.05[rad] on orientations for a
120 second walking task.

Xinjilefu et al. [44) |45] proposed yet another floating-base estimation framework. In [44]], authors consider si-
multaneously consider Problem [T] and ] decomposing the global estimation problem in three sub-problems: base
estimation, joint position estimation and joint velocity estimation. This approach is proven to simplify the computa-
tion burden of the full-body model estimation. The floating base estimation relies on a quaternion parametrization to
avoid singularities. The joint velocities estimation includes both the contact constraints the system dynamics
(31D), projected into the orthogonal complement of the constraints to cancel out contact forces as proposed in [22]]. In
[45]], authors framed the same estimation problem as a quadratic programming, thus including inequality constraints
in the estimation problem. Considered measurements include joint velocities, joint torques, contact forces, pelvis
angular velocity and linear acceleration; as in previous approaches, kinematic constraints (such as footholds) are in-
cluded as virtual measurements. Validation experiments conducted on the Atlas humanoid prove that the QP estimates
demonstrate good tracking performance and less delay which allow to reduce the controller chattering.

5.5 Free-floating state estimation with range and vision sensors

The DARPA Robotics Challenge encouraged the competing teams to refine their systems (including state estimation)
and to take them outside of the laboratory. A major challenge teams faced was the drift of the estimate of the robot’s
floating base (pelvis link) which in turn causes the position of objects of interest (e.g. doorways or stairway steps) to
become inconsistent. Having tuned their performance, three teams competing with the Boston Dynamics Atlas robot
[18} 46l [17] reported their open loop (i.e. using proprioceptive sensing only) drift rate to be approximately 1 cm per
step (over distances of more 10 meters) at the end of the competition.

As described above approaches commonly use foothold kinematic constraints to estimate pelvis velocity. As a
result, the performance of floating base estimation is dependent on the accuracy of contact classification and careful
calibration and filtering of joint sensing. Drift is often characteristic — for example drifting forward slightly when
walking forward backward.

To entirely avoid estimation drift it is common to explore approaches from the field of SLAM (Simultaneous
Localization and Mapping) using range and vision sensors. The literature of the field is vast and we will not present
it fully here, however on additional challenge for a robot such as a humanoid is that performance of many SLAM
approaches is in fact correlated with the smoothness of the motion of the robot. Irregular and jerky motion usually
contravenes assumptions underlying many approaches as well as causing motion blur in camera images and saturation
in accelerometers.

Here we split approaches into two subcategories: those using LIDAR sensors and those using cameras.

5.5.1 LIDAR-based approaches

Laser Range Finders or LIDAR — because — of its long ranging performance and precise measurement capability is
perhaps a more favorable approach to achieve drift—free localization over short ranges (less than 30 meters). [[16] was
a first approach achieving localization in a 2 floor setup with a 2D laser on the head of a NAO robot. The approach
combined LIDAR Monte Carlo integration with information about the robot’s height and orientation to produce an
estimate in 6D.

While not carrying out localization, per say, the work of Nishiwaki et al. [24] is impressive. The authors use
LIDAR to build a terrain map and then localize in it while continuously walking. This demonstration makes it clear
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that the underlying proprioceptive odometry system has low drift.

For a full-size humanoid moving continuously walking, the approaches of Fallon et al. [11] and Koolen et al.
[L7] are similar. Both demonstrated continuous localization over 3D walking courses which require precise accuracy.
Fallon et al. [11] used a Gaussian particle filter to estimate at 40Hz the position of the robot using each individual
LIDAR scan for low latency. The Gaussian particle filter approach is interesting in that the filter sampled only in the
states which are observable by the filter (for example the yaw of the robot, but not its pitch and roll). Meanwhile
Koolen et al. [[17] built upon the common iterative closest point (ICP) algorithm: first collating a point cloud using a
tuned proprioceptive odometry algorithm and then aligning that point cloud to a prior map.

5.5.2 Camera-based approaches

Localization Because of the computational challenges of running real-time visual SLAM on-board a humanoid
robot, initially researchers studied localization against prior maps. Early approaches such as [38]] used stereo point
clouds to localize, in this case, against height maps in 2D.

The work of Gonzalez-Aguirre et al. [15] explores active localization where the robot carried out gazing motions
to actively improve the performance of a particle filter localizer. The approach used an inverse graphics method to
render edges of a CAD model of a kitchen environment to match to edges detected by a head camera pointing a the
real kitchen. The approach does not use point features and is to a degree engineered for the environment.

Much later Alcantarilla et al. [[1] demonstrated monocular visual localization using a single camera in a more
general manner. The approach localized against a precise prior map of visual point features with visibility of the
3D points in different poses calculated so as to speed up on-line feature matching. In common with many mapping
systems for humanoids, the demonstrated motion was unfortunately in small 2m space but was interesting in that
different lighting conditions and datasets were examined as was substantial comparison against PTAM, a commonly
used visual SLAM system.

Finally, the approach of [5] is interesting in that it achieves localization without using either a camera or a LIDAR.
The approach (demonstrated on a quadruped) used information from contact sensors to localize a quadruped on a
detailed height-map using particle filtering.

Simultaneous Localization and Mapping With regard to the full problem of SLAM, the work of Stasse et al. [36]]
has a clear breakthrough — achieving the first SLAM system capable of carrying out loop closing in real-time running
on-board a humanoid. The approach uses the seminal monoSLAM system to carry out map construction.

Yoon et al. [48] later developed an EKF-based SLAM with a stereo camera which could produce minimal drift for
motion in a 4m box. This work clearly describes the development of robust visual descriptors as well as motion model
switching to compensate for the uncertain motion of the humanoid. [27] is interesting as it demonstrates that even the
monocular cameras on a small NAO robot are now able to use visual navigation. The approach used the camera input
for visual odometry and in doing so is able to demonstrate a reduced rate of drift (rather than attempting to build a
map).

Finally the work of Fallon et al. [[12] is the first to use the output of a dense visual mapping system to produce
terrain information which is used directly as input to the robot’s control system for a continuously walking humanoid
over rough terrain. Running a visual mapping system like this in real-time is a clear integration challenge.

5.6 Combined estimation

Some recent approaches to the estimation problem proposed a combined strategy, based on the idea of mixing different
estimations simultaneously. Wu et al. [42] considered estimation and calibration simultaneously. Lowrey et al. [19]
proposed an estimation strategy which incorporate a physics engine into the estimator to adjust the state estimates
so that the inferred contact interactions are consistent with the observed accelerations. Nori et al. [25] proposed
two alternative solutions to the simultaneous estimation of forces and joint related quantities (position, velocity and
acceleration estimation). Hereafter we discuss this approach in details.

Wau et al. [42] developed a novel alternating optimization approach for simultaneously tracking space-time joint
angles and calibrating associated parameters. Considered sensors are potentiometers at joints, motion capture markers
attached to links and extension sensors on tendons. Simultaneously estimated variables are joint angles and sensor
parameters. The latter include: (1) potentiometer gain and bias, (2) motion capture markers positions and (3) rota-
tion/translation of the motion-capture reference frame with respect to the robot reference frame. The mixed estimation
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strategy is similar to an EM-algorithm: a p-phase that estimates sensor parameters while keeping joint angle fixed and
a g-phase that estimates joint angles using the updated sensor parameters. Comparing to the manual calibration done
by manufacturer, the proposed estimation strategy reduced the error by half in all sensor types.

Lowrey et al. [19] considered accurate approach to state estimation which re-estimates the trajectory over a time
window into the past and uses a recursive prior obtained from the previous time step via simulation with accurate
physic engine (MuJoCo). The estimation is framed in a Bayesian-like framework (i.e. EKF) enhanced by updating
the system’s history over a fixed number of steps, thus obtaining an increased accuracy and maintaining real-time
performances. Exploited sensors include encoders, contact forces, 3D markers, and inertial measurement units. The
estimation is conducted with a maximum-a-posteriori. The maximized function is the sum of the data likelihood and
a corrective term which penalizes physical inconsistent estimations.

Nori et al. [25] proposed an alternative estimation framework which performs a multimodal estimation and takes
into account the physical consistency of the computed quantities. Estimated variables include the system state (Prob-
lem|[I} joint positions and velocities) and several dynamic quantities (Problem [2} joint torques, internal force/torques;
Problem [3} external contact force/torques). Exploiting a Bayesian formulation, physical consistency is obtained by
defining a suitable prior on estimated quantities. The estimation relies on the computation of the posterior proba-
bility by conditioning the prior on measurements from heterogeneous sensors: joint encoders, link gyroscopes and
accelerometers and whole-body distributed 6-axis force/torque sensors. Experimental validation in simulation and on
a real robot (the iCub humanoid) shows an accuracy of 0.51[deg/s] on joint velocities and 0.02[rad] on joint positions
which drops down to = 0.1[rad] on the real robot.

6 Future directions and open problems

Improving estimation reliability and accuracy, and in turn to provide the controller with improved input signals, will
be a key requirement to increase the performance of the next generation of humanoids. Several improvements to the
aforementioned approaches will be necessary. In this section we focus on future directions and open problems and
their connections with previous literature.

Computational efficiency will be a core requirement for all future estimation strategies. Simple estimation prob-
lems like inverse and forward dynamics, have been extensively optimized from the computational point of view [13]].
Significant simplifications have been achieved by exploiting the sparsity induced by the tree-like structure of hu-
manoids. Similar advantages can be ported to a wider class of estimation problems as recently proposed in [25]
Section V]. Other simplifications can be obtained by the decomposing the original non-convex estimation problem
into simpler convex subproblems as proposed in [21] and [44].

Humanoids are free-floating constrained system and therefore constrained estimation will be another core require-
ment. The state of a constrained mechanical system evolves on a manifold whose topology is non-trivial, especially
when in presence of contacts at multiple locations. The state estimation problem should take these constraints into ac-
count similarly to the approach proposed in Xinjilefu and Atkeson [43]]. Extensions of this approach should be capable
of accurate estimation even when constraints are broken or established. In general, there is a need for solutions to the
problem of state estimation for hybrid (or switching) systems with applications to constrained mechanical systems as
the one in equation (31).

Multi-modality and sensor fusion will play an important role in forthcoming applications. To provide a robust
estimation infrastructure, existing techniques should be consolidated in a unique framework for sensor fusion of the
different sensor modalities including inertial sensing, joint encoders, force and tactile sensing. Preliminary investi-
gation of this have been already performed in [19] and in [25]. However, these methods have been tested mainly in
simulation or in simple experimental settings, while in future applications the effort will be focused to bring these
techniques in a real world scenario, and eventually improve them to cope with sensor specific issues.

Adaptive calibration and hyper-parameters tuning will be fundamental contributions to improve the estimation
accuracy. It is often difficult to have an exact model of the controlled system. Adaptive calibration and tuning might
reduce the different model uncertainties affecting the system (e.g. errors in the manufacturing process and unmodeled
elements such as wires and cables). Current available approaches deal with sensor bias [37], sensor positions [32]]
and dynamic parameters [40]. Forthcoming applications based on multimodal sensor fusion will require dedicated
techniques for estimating the relative accuracy of the different sensor modalities to weight their contribution in the
estimation.

Improvements in the estimation can be obtained also by exploiting context dependent information, provided by
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tactile sensing, RGB-D sensing and, in an indirect way, by the available world model. For example, if there is an
external contact on a part of the robot not covered by the skin, the approximate location of the contact can be detected
by the RGB-D sensor. It is worth noting that, with the notable exception of [20]], RGB-D sensing has been traditionally
limited to SLAM applications [[11]. Similarly, combining tactile and proprioceptive sensing (i.e. joint encoders) can
lead to an “embodied” representation of the surrounding environment as in the paper by Petrovskaya et al. [30].

Last but not least, the proposed estimation approaches needs to be validated both from the theoretical and practical
point of view. At the theoretical level, observability analysis should be conducted. In general approaching a config-
uration where a given state is non-observable (i.e. the observability matrix loses rank) causes significant degradation
in the estimation accuracy (i.e. the observability matrix has a relatively high condition number). Thus non-observable
conditions should be avoided and estimation accuracy should be carefully analyzed. From a practical point of view,
novel estimation strategies should to be compared with previous approaches to validate their improved accuracy. In
practice this validation might be sometimes nontrivial. Bloesch et al. [4] proposed the use of an additional, more ac-
curate, sensor as a validation ground-truth. [32] preferred an indirect validation based on showing that the estimation
could improve the control performances (i.e. tracking error).

7 Conclusions

In this chapter we discussed previous sensor fusion approaches relevant to humanoid robotics. Focus is primarily
on state estimation but includes other relevant problems: joint torques estimation, contact force estimation, contact
position estimation and center of mass estimation. Previous approaches are discussed in relation to features which are
relevant to humanoid applications: computational complexity, observability analysis, modeling accuracy and floating
base parameterization. The paper concludes by observing that despite possible some open problems remain, the path
paved by previous approaches indicate promising future direction which might overcome the limitations of current
approaches.
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