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A B S T R A C T
This paper presents novel strategies for spawning and fusing submaps within an elastic dense 3D
reconstruction system. The proposed system uses spatial understanding of the scanned environment
to control memory usage growth by fusing overlapping submaps in different ways. This allows
the number of submaps and memory consumption to scale with the size of the environment rather
than the duration of exploration. By analysing spatial overlap and semantic information, our system
segments distinct spaces on-the-fly during exploration, such as rooms, stairwells, and indoor-outdoor
transitions. The proposed system associates semantically labelled submaps with poses of SLAM
pose graph to enable global elasticity. A probabilistic model to merge the voxel labels of the
different submaps is incorporated to ensure correct semantic submap fusion when SLAM loop closures
occur. Additionally, we present a new mathematical formulation of relative uncertainty between
poses to improve the global consistency of the reconstruction. Performance is demonstrated using
experiments exploring multi-floor multi-room indoor environments, indoor-outdoor transitions and
large-scale outdoor experiments. Relative to our baseline, the presented approach demonstrates
improved scalability and accuracy.

1. Introduction
3D reconstruction is a common part of applications

such as active mapping [4, 9], collision avoidance [36] and
the inspection of industrial assets [20, 22]. Building
Information Models (BIM) are commonly available for
modern buildings, but there are scenarios where these
models no longer represent the real situation, e.g. after
renovations or disasters. Although systems have been
developed to reconstruct these models offline using point
clouds from laser scanners, autonomous exploration and
reconstruction in multi-storey environments is still an open
challenge in mobile robotics. This has been the motivation
of international competitions such as the DARPA SubT
challenge [6, 13].

In this paper, we propose a dense 3D reconstruction
system that fuses LiDAR scans to map complex
multi-storey scenarios, such as the example shown
in Fig. 1. This paper is an extension to a previous paper
from European Conference on Mobile Robots
(ECMR) [51], which introduces multi-camera semantic
information into the dense 3D LiDAR reconstruction.

The proposed system uses a state-of-the-art
reconstruction method, supereight [14], to create efficient
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Figure 1: The proposed system has been tested in large-scale
outdoor and multi-storey indoor environments with both a
handheld LiDAR system (top, left) and the quadruped robot
Spot (top, right); Bottom: Spatially clustered pose graph
nodes and the semantically labelled LiDAR reconstruction from
our indoor-outdoor transition experiment. The semantic labels
are applied outdoors while the multi-storey indoor section is
indicated in grey.
More demonstrations are available in the supplementary video:
https://tinyurl.com/ecmr-mapping

high-resolution representations of large-scale environments
with long range sensing. The system’s frontend relies on
accurate multi-sensor odometry to build a local occupancy
map around the robot; its backend creates submaps and
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associates them with the corresponding pose from a SLAM
pose graph — instead of building a single global map. This
approach can account for future loop closure corrections
and achieve a globally consistent reconstruction.

We present strategies for spawning and fusing submaps
based on geometric and semantic understanding of the
observed spaces, enabling on-the-fly segmentation of areas
that are physically isolated or significantly different from
one another, e.g. individual rooms indoors or the transition
between indoor and outdoor spaces.

Supereight provides the ability to store either Truncated
Signed Distance Function (TSDF) or occupancy
probability. In our work we use the occupancy
representation, which explicitly models free space to
analyse spatial overlap among submaps. It also fuses
submaps together to reduce redundant reconstruction. In
addition, by computing the relative uncertainty among
poses in a SLAM pose graph, our system can avoid fusing
submaps incorrectly to improve overall reconstruction
accuracy.

Our approach also integrates per-voxel semantic
information into the occupancy submaps and ensures
spatial and semantic consistency during submap fusion.
This is achieved by probabilistically merging the semantic
labels of the voxels across multiple submaps.

We demonstrate the performance of the proposed
system using both simulation and real-world experiments,
especially its improvement in reconstruction accuracy,
system scalability, and the capability of room segmentation
and indoor-outdoor detection.

The features and contributions of our research are the
following:

• New strategies for spawning and fusing submaps
using probabilistic, semantic and spatial
understanding.

• A new formulation for relative uncertainty derived
from the work of Mangelson et al. [27] and
GTSAM [10], and a formal treatment of uncertainty
in submap fusion.

• On-the-fly adjustment of reconstruction parameters
when transiting between indoors and outdoors, based
on semantic analysis.

• Details of modifications to the supereight LiDAR
reconstruction pipeline [14] to incorporate motion
undistortion.

• Introduction of a state-of-the-art dense semantic
mapping module [15] into an elastic submapping
framework.

• Improved reconstruction accuracy and scalability in
both outdoor exploration experiments and a
multi-storey multi-room exploration with a legged
robot.

The overarching goal of the work is to achieve scalability
with the size of the environment instead of the exploration
length by controlling the growth of the submap number and
memory consumption1.

The remainder of this paper is organised as follows. In
Sec. 2 we discuss related work, and the proposed system is
explained in detail in Sec. 3. The new features of the
extended system compared to our previous work [51] are
presented in Sec. 3.4 and Sec. 3.5. Sec. 4 demonstrates the
experimental results, with new experiments on integrating
semantics included in Sec. 4.3. Conclusions and future
work are discussed in Sec. 5.

2. Related Work
While the literature on dense 3D reconstruction is

substantial, in this paper we focus on systems incorporating
submaps, methods designed for room segmentation and
semantic segmentation approaches because these aspects
are the most relevant to our work.
2.1. 3D Reconstruction via Submaps

Submapping is a common technique in SLAM systems
such as the Atlas framework by Bosse et al. [5] and
DenseSLAM by Nieto et al. [32]. These SLAM systems
reuse existing submaps for localisation when revisiting a
known area rather than remapping that location.
Maintaining a collection of submaps keeps memory and
computation bounded as opposed to creating a single
global map.

Submaps can also enable elasticity when a
reconstruction requires correction at the event of a loop
closure. Leveraging OctoMap-based [21] submaps, Ho et
al. [19] and Sodhi et al. [45] designed elastic occupancy
maps. Voxgraph [42] uses the same strategy to create a
globally consistent reconstruction, instead represented by a
series of Signed Distance Function (SDF) submaps. In our
previous work [50], we developed submap-based elastic
reconstruction pipelines which supported both occupancy
and SDF representations.

These approaches spawn new submaps after either a
temporal interval [19, 45, 42] or distance travelled [50] to
bound the local odometry drift within each submap.
Extending upon [50], this paper proposes submap spawning
and fusion based on a deeper spatial and semantic analysis
to uniquely represent confined or distinct areas such as
rooms. This allows local planning to use only a submap in
challenging exploration tasks such as [3].
2.2. 3D Room Segmentation

Separately, several works have developed methods to
segment LiDAR reconstructions or floor plans into
individual enclosed spaces. Turner and Zakhor [48]
designed a room-segmentation pipeline that partitioned 2D
point cloud maps into 2.5D building models via

1Sparsification of the underlying SLAM pose graph is a related
research topic which we do not explore in this work.

Yiduo Wang et al.: Preprint submitted to Elsevier Page 2 of 16



Strategies for Large Scale Elastic and Semantic Lidar Reconstruction

LiDAR

Camera

Scan

Image

Odometry
SLAM

Pose Graph
Semantic
Information

Figure 2: An overview of the proposed system that consists of a frontend (Local Mapping) and a backend (Global Mapping).
Principled Clustering contains the proposed new strategies which estimate cloud and submap overlap, measure relative pose
uncertainty in the SLAM graph, and leverage semantic information to detect transitions between indoor and outdoor environments.
This module interacts with Local Mapping and Global Mapping to spawn new submaps (Sec. 3.1), propose or reject submap
fusion (Sec. 3.2 and Sec. 3.3), and on-the-fly adjust reconstruction parameters based on semantic information (Sec. 3.4).

triangulation. To achieve 3D reconstruction, the approach
assumed that interior walls were vertical and planar.

More sophisticated methods were developed to parse
3D point clouds into rooms, such as detecting void spaces
between walls using point density histograms [1], and
extracting planar features before partitioning separate
rooms via a multi-label energy minimisation
formulation [31, 30]. These methods were limited to
single-storey reconstructions.

Ochmann et al. [35] and Nikoohemat et al. [33]
proposed methods that handle unstructured 3D point clouds
for multi-storey room segmentation. Ochmann et
al. introduced a versatile integer linear programming
method to incorporate hard constraints, e.g. wall
connectivity, to ensure a plausible reconstruction.
Nikoohemat et al. employed a mobile LiDAR SLAM
system and separated building levels by assuming that
sloped trajectory segments represent staircase traversals.
They further segmented rooms using an adjacency graph of
planer segments.

While the effect of partitioning confined spaces is
similar to our proposed system, we focus on online
segmentation running onboard a mobile robot instead of
segmenting a complete reconstruction offline. Our
proposed system aims to create segmented 3D
reconstructions of confined spaces such as individual
rooms and staircases on the fly in the context of multi-floor
exploration, and distinguish between indoor and outdoor
environments to create elastic connections in the map.
2.3. Semantic Segmentation

Richer representations of a robot’s environment,
including for example semantic information of the objects
and structures around the robot, can enable better decision
making and informed navigational planning.

Estimating dense per-pixel semantic labels for images
has been an active area of research [16]. Early approaches
to this task used fully convolutional networks with skip
connections [25] and dilated convolutions to aggregate
multi-scale features [54]. Badrinarayanan et al. [2]
introduced SegNet with an encoder-decoder architecture

with non-linear upsampling in the decoder and max pooled
indices in the encoder to improve computational and
memory efficiency. A related network structure that is
widely used is the UNet [43], which uses skip connections
between the encoder and decoder layers to overcome the
vanishing gradients problem. Later works improved the
performance and learning capabilities of these networks by
incorporating temporal consistency [38], learning saliency
to avoid over-fitting [49] and motion estimation [37].
Recent work has also looked at novel network
architectures [8, 46] to improve efficiency and robustness.

The use of 2D convolutions for semantic segmentation
has been extended to 3D point clouds, by projecting 3D
output from LiDAR scanners to images, using spherical
projection [52, 29]. Alternatively, 3D convolutions have
also been applied on voxelized representations of point
clouds [17, 18], but are inefficient due to the sparsity of
points, especially in outdoor environments. Zhu et al. [55]
propose a cylindrical partitioning of 3D space with
asymmetrical 3D convolutions to address this issue.
Recently, pointwise convolutions, which can be applied
directly on 3D points, have been proposed by Thomas et
al. [47] to improve robustness to varying densities of the
point cloud.

However, direct 3D approaches have higher
computational requirements relative to 2D approaches and
they also do not scale well to large scenes. As a result, their
deployment on a mobile robotics platform is still an open
challenge. When multiple sensor modalities (such as
cameras and LiDARs) are present it is preferable to extract
semantics from camera images and use these predictions to
label the 3D points. We take this approach where images
from multiple cameras mounted on the robot are used to
extract per-pixel semantics. These are then used to label the
3D map reconstructed by aggregating the LiDAR scans.

Given per-pixel semantic labels, a subsequent challenge
is fusing them into a consistent map over time. This has
been explored in [53, 28]. More recently, Gan et al. [15]
presented a probabilistic framework to fuse multiple
semantic labels to generate a continuous 3D semantic
occupancy map. While the results presented are
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convincing, they are limited to a single camera mounted on
a mobile robot and did not consider scalability or issues of
revisiting already explored space.

In our work, we extend their framework and address the
challenges of fusing semantic labels from multiple
cameras, with different viewpoints, mounted on the robot.
This is key for improving navigational capabilities for
mobile robots where awareness of the environment all
around the robot is necessary. Furthermore, we integrate
this extended framework into a submapping system and
fuse predictions across submaps to maintain a consistent
semantically annotated map under elastic deformations due
to loop closure corrections.

3. Methods
The proposed system expands upon our previous

framework [50] by adding principled strategies that use
spatial understanding, semantic information and pose graph
relative uncertainty to improve the spawning and fusion of
submaps. The proposed system employs the
supereight [14] reconstruction method, which allows scans
to be integrated efficiently via adaptive resolution. The
options for map representation given by supereight include
both TSDF and occupancy probability, and we focus on the
latter in the proposed system. Our previous work extended
the projection and uncertainty model to better suit the
characteristics of long-range LiDAR sensors [50]. In this
work, we further modified the LiDAR supereight pipeline
to efficiently integrate motion undistorted LiDAR
measurements. We use a multithreaded frontend/backend
structure to maintain both a local rolling map and a
collection of global submaps during exploration. Fig. 2
provides an overview of the proposed system.

While supereight also provides an odometry
functionality, we do not use it and instead rely on external
odometry and SLAM modules [40]. The odometry module,
such as one built upon [39], is an input to the frontend of
the proposed system, to provide the pose of the LiDAR
sensor frame {} in a global odometry frame {} at time 𝑡,
denoted as 𝐓𝑡

∈ 𝐒𝐄(3). This pose is associated with a
raw point cloud 𝐶𝑡 expressed in the LiDAR frame {𝑡}.

Our reconstruction pipeline also requires access to the
solution of a graph SLAM system, i.e. 𝑄 + 1 nodes
𝑋𝑘, 𝑘 ∈ {0,… ,𝑄}, and the Hessian matrix associated with
the solution [11]. Each node describes the estimated pose
of the LiDAR frame {𝑘} with respect to a fixed map
frame {}, denoted as 𝐓𝑘

∈ 𝐒𝐄(3).
The SLAM system used is a pose-graph method based

on Ramezani et al. [40], where the only inputs are relative
odometry measurements and loop closure candidates, both
represented as 𝐒𝐄(3) matrices. The covariances associated
with these measurements are fixed and tuned using
line-search. The solution is determined in an incremental
fashion using the iSAM2 algorithm [23] available in the
GTSAM library [10].

The output of the reconstruction system consists of a

Figure 3: An example of Cloud Overlap Estimate and Submap
Overlap Estimate. Top: Limited overlap between the reference
cloud 𝐶ref and the read cloud 𝐶read when entering a room
through a narrow doorway. Bottom: The voxel overlap
between the volumetric occupancy reconstructions of the
reference submap ref and the read submap read.

local rolling map and a collection of 𝑁 + 1 submaps. Local
Mapping creates and maintains a local map by integrating
the latest point cloud 𝐶𝑡 into a map in {}. To bound the
memory consumption of this map, we crop it around pose𝐓𝑡

based on the sensing range of the LiDAR.
In Global Mapping, each submap 𝑖, 𝑖 ∈ {0,… ,𝑁}

contains an accumulated submap cloud 𝐶𝑖
in {}, a

volumetric occupancy reconstruction in the submap frame
{𝑖} and its root pose 𝐓𝑖

. Occupancy representation is
chosen as the focus in the proposed work because of its
explicit representation of free space. This aids the submap
overlap estimation and will be detailed in Sec. 3.2.

We compute and maintain Axis-Aligned Bounding
Boxes (AABB) for each submap in {} using the
reconstruction. The Submap’s AABB is significantly
affected by the orientation of {}, so we use AABBs not
to accurately estimate scanned space, but as a lightweight
method to determine non-overlapping submaps (Sec. 3.2).

In the proposed system, we introduce the following set
of strategies which we use to decide when to spawn or fuse
submaps:

• Cloud Overlap Estimate: to adjust the submap
spawning decisions made by Local Mapping.

• Submap Overlap Estimate: to propose submap fusion
for Global Mapping.

• Relative Uncertainty: to reject unreliable submap
fusions.

• Environment Transition Criterion: to differentiate
between indoor and outdoor environments based on
semantic information.

3.1. Cloud Overlap Estimate
Many systems such as [42] and [19] spawn submaps at

fixed frequencies to bound the size of each submap as well
Yiduo Wang et al.: Preprint submitted to Elsevier Page 4 of 16
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Algorithm 1: Cloud Overlap Estimate.
input: New LiDAR cloud 𝐶read and submap cloud 𝐶ref ,
output: Cloud overlap ratio 𝑅point,read
begin

Voxel filter 𝐶read and 𝐶ref to resolution 𝑟filter
for Point 𝑃𝑖 ⊂ 𝐶read do

Search for 𝑃neighbour ⊂ 𝐶ref that is the closest to
𝑃𝑖

if ||𝑃𝑖,𝑃neighbour|| <
√
3 × 𝑟filter then

𝑁point,overlap = 𝑁point,overlap + 1
end

end
𝑅point,read = 𝑁point,overlap∕𝑁point,readreturn 𝑅point,read

end

as robot odometry drift within the submap. Our previous
system [50] used a travel distance threshold to achieve the
same purpose, under the assumption that the odometry drift
is proportional to the distance travelled.

Cloud Overlap Estimate adds another trigger to spawn
submaps based on point cloud overlap. Because our
odometry system is based on Iterative Closest Point
(ICP) [39], performance is affected by major changes in
overlap such as when entering a new room [34]. Hence
when traversing between two disconnected spaces via a
narrow passage, i.e. the scenario presented in Fig. 3 (top),
it is beneficial to spawn a new submap and create an elastic
connection.

When the robot crosses through a doorway, there will
be a significant degree of the scene which changes - with
LiDAR beams blocked by the doorway. Traversing through
any narrow constriction with a LiDAR will cause there to be
low overlap between consecutive point cloud scans. In such
a scenario, our proposed system will spawn a new submap
when going through a doorway and create a new room, as
demonstrated in Fig. 1.

Alg. 1 presents how we compute the overlap ratio
𝑅point,read between the point cloud of a new scan 𝐶read and
the accumulated submap cloud 𝐶ref of a reference submapref. Both 𝐶read and 𝐶ref are filtered to the same resolution
𝑟filter for uniformity in overlap estimation. Points from 𝐶readthat are within a thresholded distance from their closest
points in 𝐶ref are considered as overlapping points. The
threshold is set to √

3 × 𝑟filter — the diagonal of a cube with
length 𝑟filter.If 𝐶read shares sufficient overlap (𝑅point,read > 0.6) with
the accumulated submap cloud 𝐶ref , the new scan is
integrated into a submap ref, and the accumulated submap
cloud 𝐶ref grows by adding 𝐶read. For instance, in Fig. 4
(a) and (b), node 17 is integrated into submap 5, and
LiDAR scan 𝐶17 is accumulated into the submap cloud
𝐶5

. However, we constrain point cloud accumulation of
each submap by not combining accumulated submap
clouds together during submap fusion. In Fig. 4, the

Algorithm 2: Submap Overlap Estimate.
input: Pair of occupancy submaps read and ref,
output: Submap overlap ratios 𝑅voxel,read and 𝑅voxel,ref
begin

for Voxel 𝑉read ⊂ read do
Find 𝑉ref ⊂ ref at the same coordinates as 𝑉read
if 𝑉ref is not unknown then

if Both 𝑉ref and 𝑉read are free or occupied
then

𝑁voxel,overlap = 𝑁voxel,overlap + 1
end

end
end
𝑅voxel,read = 𝑁voxel,overlap∕𝑁voxel,read
𝑅voxel,ref = 𝑁voxel,overlap∕𝑁voxel,refreturn 𝑅voxel,read and 𝑅voxel,ref

end

volumetric occupancy submaps 0 and 5 in (c) are fused
together into one submap  ′

0 in (d), but submap cloud 𝐶5is not combined with 𝐶0
. This prevents these submap

clouds from growing indefinitely as exploration continues.
The criterion (𝑅point,read > 0.6) for spawning a new

submap is based on the intuition that 50 % of the point
cloud is inside and outside of a room when the LiDAR is
perfectly in the doorway. In our experiments, setting the
threshold at 60 % means a more conservative submap
spawning behaviour in which the reconstruction becomes
more elastic when the reliability of ICP in odometry and
SLAM is low due to limited Cloud Overlap Estimate (e.g.
corridors, stairs). Increasing the threshold further leads to a
higher memory cost. A threshold lower than 50 % could
affect the functionality of room segmentation in the
proposed system.
3.2. Submap Overlap Estimate

Submap fusion merges existing submaps, and reduces
the memory usage of the overall system by fusing repeated
reconstructions of the same physical space together. Our
previous pipeline [50] triggered submap fusion using the
loop closures detected in the SLAM system. However, it
only merged submaps that were created when the robot
travelled very close to a previous pose, i.e. the submaps at
the head and tail ends of the loop closure.

In a large-scale (outdoor) environment, a long range
(≈60 m) LiDAR sensor can repeatedly scan the same space
from poses that are far away from one another, resulting in
significant redundancy between submaps that loop closure
fusion alone cannot address. Therefore we introduce an
additional strategy for submap fusion based on the overlap
of scanned spaces, utilising the explicit representation of
free space in our volumetric occupancy map. This improves
the reconstruction scalability when revisiting explored
areas, in spite of the SLAM graph growing linearly.

Submap overlap is computed by comparing the
volumetric reconstruction as well as the occupancy
information stored in each individual submap. Fig. 3
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(a) (b) (c) (d)

Figure 4: An example of scan integration and submap fusion. (a) There are 17 LiDAR scans 0∶16 (denoted by ) in the existing
reconstruction. The scans are clustered into 6 submaps 0∶5, shown as rectangles (■) which represent the AABB of each submap.17 ( ) is the latest new LiDAR scan, and there have been no loop closures. (b) Graph Clustering allocates 17 to submap 5,
and the new scan passes the Cloud Overlap Estimate (Sec. 3.1). Then 17 is integrated into 5, expanding the AABB (as shown
by ■). (c) There is a new loop closure edge (orange line −) given by the SLAM pose graph between 0 and 17. The head and
tail of the loop closure connection define the submap overlap search range from 0 to 5 (shown in ■). (d) Graph Clustering
proposes the fusion of submaps 5 and 0 into  ′

0. Submap Overlap Estimate (Sec. 3.2) proposes the fusion between submaps3 and 2 in  ′
2. If both proposals pass the Relative Uncertainty criterion (Sec. 3.3), fusion is executed and all submap indices

are updated accordingly. The AABBs of 0 and 2 are therefore expanded (shown by ■), but their accumulated submap clouds
are not, as explained in Sec. 3.1.

(bottom) demonstrates such a case. Alg. 2 describes the
estimation of voxel overlap between a pair of submaps readand ref. This pair of submaps are fused together if either
the ratio 𝑅voxel,ref or 𝑅voxel,read exceeds a configurable
threshold 𝜆fusion. This threshold is empirically chosen as
0.7. It represents significant redundancy among submaps
and does not require further tuning between experiments.

To ensure that the root poses of submaps are corrected
by loop closure before fusion, we define a submap overlap
search range using the head and tail of each loop closure.
For example, in Fig. 4 (c), SLAM loop closure is between0 and 17, and they belong to 0 and 5, respectively.
Hence the search range for Submap Overlap Estimate is0∶5. Candidate submap pairs for fusion are those that have
an overlap greater than the threshold, e.g. 2 and 3.

Iterating through all voxels is a computationally intense
process. Therefore, we add a conservative but efficient
preliminary heuristic based on the AABB of each submap
before computing submap voxel overlap. Using the AABBs
of ref and read, we compute the volumetric overlap
percentages {𝑅aabb,ref,𝑅aabb,read} and compare them with
𝜆fusion. If both AABB overlaps are smaller than the
threshold, such as 1 and 4 in Fig. 4 (c), the proposed
system skips computing voxel overlap.
3.3. Relative Uncertainty

To stay memory efficient, our system discards the
individual submaps after fusing them into a parent.
However, since each submap is internally rigid, local
consistency is essential within the submaps. To improve
submap fusion reliability and, consequently, retain global
consistency, we propose a strategy to keep the errors within
each submap bounded.

Our approach uses the relative uncertainty between the
root poses of the candidate submaps to measure fusion
confidence. To compute the relative uncertainty, we use the
Hessian matrix of the SLAM problem to extract a joint
covariance of the root poses of submaps. Then we use the
approach of Mangelson et al. [27] to determine a single

covariance matrix encoding the relative uncertainty
between the poses. Please refer to Appendix A for our
derivation, which is consistent with the convention used in
the GTSAM library. Lastly, we compute the eigenvalues of
the relative uncertainty and apply a threshold 𝜆uncertainty on
them to finally decide if the fusion is accepted.

As an illustration, Fig. 4 presents the case of fusing two
pairs of submaps, namely 0 and 5, and 2 and 3. In the
example of fusing 0 and 5, we first compute the relative
uncertainty between the root poses of 0 and 5, which are0 and 15.

For 𝐒𝐄(3) transformations 𝐓0
,𝐓5

∈ ℝ6, the
relative uncertainty 𝚺05

is a 6 × 6 matrix, and there are 6
eigenvalues — 3 for translation and 3 for rotation. We
compare the 3 translation eigenvalues against the
configurable threshold 𝜆uncertainty. If one of the eigenvalues
exceeds the threshold, the fusion between 0 and 5 is
rejected. We set 𝜆uncertainty to be 0.2 m in our experiments
based on our SLAM noise model, which is not subject to
change between experiments.
3.4. Semantic Segmentation

The robot platform in our experiments (Boston
Dynamics Spot) carries 6 cameras in total, covering the full
360° horizontally. Dense per-pixel semantic labels are
predicted for each camera image using a deep neural
network. Our neural network follows the architecture
presented in [15], but adapts the UNet with a MobileNet
backbone [44], pre-trained on the ImageNet [12] dataset
and fine tuned on the Extended NCLT dataset [7].
Representative results of the semantic segmentation
network are presented in Fig. 5. The network was trained
only on images of outdoor environments but estimates
meaningful labels for indoor environments - walls are
classified as buildings and floor as either sidewalk or road.

We use the semantically-labelled images to detect
transitions of the mobile robot between indoor and outdoor
environments. We first categorise all semantic labels into
whether they are typically and distinctly outdoor or not.

Yiduo Wang et al.: Preprint submitted to Elsevier Page 6 of 16



Strategies for Large Scale Elastic and Semantic Lidar Reconstruction
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Vegetation Grass

Sky
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Indoor Outdoor

Figure 5: Representative images of the environment in which
the robot was operated (top row) and the corresponding results
of the semantic segmentation network (bottom row).

Class labels such as vegetation, grass, water, terrain etc.
belong to the former category. We analyse the distribution
of these predicted outdoor labels in the images. For each
image, we compute the percentage of pixels with outdoor
labels amongst the whole image. The proposed system then
combines this with LiDAR range measurements to detect
whether the robot platform is indoor or outdoor. If the
percentage of outdoor labels is consistently larger than an
empirically determined threshold for a set of successive
frames, and there are long range LiDAR returns, the robot
is considered to be outdoors.

When the robot is exploring outdoor environments, our
proposed system integrates semantic information into each
submap. Submaps that are created when the robot is indoors
are all given the indoor class label.

In our framework, we predict semantic labels for
images from all cameras mounted on the robot to achieve a
panoramic view of the surroundings. To integrate semantic
labels into the dense 3D reconstruction created from
LiDAR, the proposed system iterates through voxels in
each submap, and by using the tracked camera pose of 𝑗th
view 𝐓𝑗

, transforms the coordinate of a voxel 𝑥 ∈ ℝ3

into the camera’s frame to compute a pixel coordinate
𝑢𝑗,𝑥 = 𝜋

�𝐓−1𝑗
𝑥

�
, where 𝜋 represents the camera’s

projection operation using its intrinsic matrix.
The pixel coordinate 𝑢𝑗,𝑥 will then result in a

categorical distribution representing the probability of this
pixel belonging to a semantic class. This distribution is
then stored in the voxel if latter has not yet been labelled by
any semantic classes, or used to update the existing
distribution in the voxel. The formulation to update voxel
probability distributions is as follows. Let 𝐈𝑗 denote the
semantic information of this image, each pixel contains a
probability distribution across all 𝑀 class labels
𝑃 (𝑍𝑢 = 𝑙𝑚|𝐈𝑗). We use the recursive Bayesian model
presented in [28] to update the probabilistic distribution
within voxel 𝑥:

𝑃 (𝑙𝑚|𝐈0,…,𝑗) =
1
𝛼
𝑃 (𝑙𝑚|𝐈0,…,𝑗−1)𝑃 (𝑍𝑢𝑗,𝑥 = 𝑙𝑚|𝐈𝑗), (1)

where 𝛼 is a normalising factor.
For each new semantically segmented image input into

the proposed system, each voxel will receive at most one
update to the probability distribution stored in it, multiple
voxels can be labelled by the same image pixel. However,
the robot platform used in our experiments carries 6
cameras, which have overlapping frustums. As the robot
continues its exploration, images streaming from even a
single camera overlap. Eq. (1) provides a mathematically
sound model to continuously update the probability
distribution in each voxel, and to address any conflicting
labelling from different observations. In addition, upon
loop closure and submap fusion, different distributions in
overlapping voxels from multiple submaps are resolved
using the same model. The computational complexity of
this operation is 𝑂 (𝑀 ⋅ 𝐽 ⋅ 𝑉 ) for a submap associated
with 𝐽 camera views that contains 𝑉 occupied voxels.
3.5. Motion Aware LiDAR Integration

Modern 3D LiDAR sensors collect range returns
continuously over time. A complete 360° scan is
accumulated and then made available to downstream
applications. The high dynamics of a legged robot,
especially in rotation, leads to motion distortion of these
scans and imprecise maps, if uncorrected (Fig. 6 (a) and
Fig. 6 (b)).

As the input to our proposed reconstruction system, the
external odometry module incorporated a LiDAR motion
undistortion component2. This component first uses an
odometry input with higher frequency, such as from Inertia
Measurement Unit (IMU) or legged odometry, to
interpolate the sensor pose between consecutive LiDAR
measurements (at 10 Hz). It then computes the direction
and origin of each LiDAR beam on-the-fly and reprojects it
as if measured instantaneously, correcting the
motion-induced distortion. While the undistorted point
cloud is necessary for an accurate reconstruction, the
undistortion module is not within the scope of this work
and therefore not assessed in the presented experiments.
Instead, the proposed system focuses on preserving the
motion undistortion effect in the reconstruction. The
motion undistortion procedure in the odometry module
results in non-uniform elevation and azimuth angles for
each point, violating the uniform grid assumption of the
LiDAR projection model that our reconstruction
pipeline [14, 50] relies on (Fig. 6 (c)).

This assumption of LiDAR beams being uniformly
distributed in angular space is beneficial for the efficiency
of scan integration. In the reconstruction core of the
proposed system, a voxel’s coordinates in the map frame𝑥 ∈ ℝ3 are projected into the LiDAR frame
𝑥 = 𝐓−1 𝑥 and normalised into a unit vector that
represents its direction, before being converted into a pair
of column and row indices (𝑢, 𝑣) for depth measurement
look-up and occupancy update. With the uniform grid

2The motion undistortion method was inspired by this package -
https://github.com/ethz-asl/lidar_undistortion.
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Figure 6: Motion aware LiDAR integration module to remap
LiDAR points during dynamic motions. (a) – Motion-distorted
LiDAR scan showing azimuth and elevation. (b) – Zoom
in of a section. Each circle indicates a ray, with its
corresponding cell in the grid. (c) – After motion undistortion,
the undistorted projection 𝑅dynamic (in orange ) does not
match the uniform grid (in light blue ). (d) We iterate
over the undistorted rays to find the closest ray assuming an
uniform grid. (e) The output of the association are adjusted
coordinates for azimuth (𝑈) and elevation (𝑉 ) angles of the
undistorted projection.

assumption, this conversion from 𝑥 to (𝑢, 𝑣) is a simple
arithmetic process, the complexity of which is 𝑂 (

𝐿3 ⋅ 𝑟−3
)

— 𝐿 represents the LiDAR sensing range and 𝑟 represents
the voxel resolution. However, with motion undistortion
dynamically adjusting the elevation and azimuth angles of
each LiDAR beam in every scan, to look up a
corresponding depth measurement in the direction of a
voxel will require a search through neighbouring LiDAR
beams to find the closest ray. The complexity therefore
becomes 𝑂 (

𝐿3 ⋅ 𝑟−3 ⋅ 𝑛
) where 𝑛 represents the number of

neighbours that need to be searched. Given the long
LiDAR sensing range and the fine voxel resolution, this

(a) Motion distorted raw LiDAR point cloud (red) and the
undistorted version (blue).

(b) Reconstruction without considering correcting
the dynamic projection model in undistortion, causes
misalignment.

(c) Corrected reconstruction via motion undistortion.
Figure 7: Proposed motion aware LiDAR integration method
(Sec. 3.5) remaps a dynamic projection model, improving the
reconstruction — particularly when turning sharply.

approach quickly becomes infeasible.
Instead, we designed a method to remap the motion

undistorted LiDAR scans, which allows us to preserve not
only measurement accuracy, but also the efficiency of the
projection model used by our reconstruction pipeline. For
each LiDAR scan of constant height ℎ and width 𝑤
(64 × 1024 in our experiments), let 𝑅fixed be the default set
of ray-casting directions according to the sensor’s
specification, and 𝑅dynamic be the unit vectors for all
motion-undistorted LiDAR beams. For each ray
𝑟𝑢𝑣 ∈ 𝑅fixed at row 𝑣 and column 𝑢, we then search in its
neighbours to find the 𝑟̂𝑢𝑣 ∈ 𝑅dynamic that has the smallest
angular difference 𝜃diff from 𝑟𝑢𝑣 to establish a match (Fig. 6
(d)). The size of the search region is determined by the
resolution of the LiDAR and the characteristics of the
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Figure 8: Exp 4.1 – The proposed spatial overlap analysis improves the global consistency in the reconstruction. Figure (a)
and (b) present the mesh and volumetric representations of NCD Long experiment, created by the baseline and the proposed
system, respectively. The volumetric representations are shown in grey overlaid with submap clusters. The mesh representations
are created from the green submaps. Using spatial understanding of the environment leads to more reliable submap fusion and
therefore better alignment. The mesh created by the previous pipeline has misaligned double surfaces while the proposed system
improves the consistency in the mesh.

robot, such as its rotation rate. We can also terminate the
search if 𝜃diff < 𝜃thres to further speed up the procedure; we
used 𝜃thres = 0.001 rad, corresponding to 5 cm voxel
resolution at a maximum sensor range of 50 m.

As a result of the remapping, we find corrected
coordinates for each ray in the undistorted scan, given by
the sets of indices 𝑈 = 𝑢(0,0)...𝑢(ℎ−1,𝑤−1) and
𝑉 = 𝑣(0,0)...𝑣(ℎ−1,𝑤−1), where NaN values are used for the
unmatched rays, as shown in Fig. 6 (e). The 𝑈 − 𝑉 sets are
then input into the supereight reconstruction pipeline. We
further update the projection model of supereight to find
the corresponding motion-undistorted LiDAR range
measurement based on indices in 𝑈 and 𝑉 for each
ray-casting vector in 𝑅fixed for LiDAR integration. The
complexity of this remapping process is 𝑂 (ℎ ⋅𝑤 ⋅ 𝑛), and
is not dependent on the LiDAR range or the voxel
resolution and therefore more efficient.

To demonstrate the effect of this particular module, we
conducted a brief experiment (Fig. 7) where we teleoperated
a legged robot around our indoor lab space. At times of high
rotation rate obvious motion distortion in the scan can be
seen in Fig. 7 (a). The distorted scan (red) is misaligned
along the lower wall, but the odometry system accounted for
the distortion and produced the undistorted scan (blue).

When moving to occupancy mapping, we can see that
without properly addressing the dynamic projection model
the default supereight misaligns surfaces in its
reconstruction (Fig. 7 (b)). By applying the method
described above, the reconstruction is corrected as shown
in Fig. 7 (c), keeping its computational efficiency.

4. Experiments and Evaluation
In this section we present the series of experiments that

the proposed system has been assessed with, as shown
in Fig. 1. These experiments include:

• Exp 4.1 (NCD Long):
A large-scale outdoor experiment with a handheld

LiDAR properties
Experiment Section Model VFoV HFoV Max range (m)
NCD Long (handheld) 4.1 Ouster OS1-64 33.2° 360° 120
ORI (Spot) 4.2 Ouster OS0-64 90° 360° 50
Indoor-outdoor (Spot) 4.3 Ouster OS0-64 90° 360° 50
Simulation (UGV) 4.4 Ouster OS0-64 90° 360° 50

Table 1
LiDAR sensors used in the experiments and their properties.
VFoV: Vertical Field of View; HFoV: Horizontal Field of View

device in the Newer College Dataset (NCD) [41].
• Exp 4.2 (ORI):

A multi-storey multi-room exploration experiment in
the Oxford Robotics Institute (ORI) with a Boston
Dynamics Spot robot.

• Exp 4.3 (Indoor-outdoor):
An exploration through multiple storeys and rooms
and between indoor and outdoor environments.

• Exp 4.4 (Simulation):
Looping explorations in a small and a large room
network using the Gazebo simulator.

In these experiments, we evaluate the improvement in
system scalability and global consistency brought about by
the proposed submap spawning and fusion strategies,
compared with our previous reconstruction pipeline [50] as
the baseline. We also demonstrate the capability of
distinguishing between different surroundings and labelling
volumetric LiDAR reconstruction using semantic
information, while maintaining global consistency upon
SLAM loop closure.

Table 1 gives details of the different LiDAR sensors
used in these experiments. The LiDAR sensors produce
organised point cloud scans of 64 × 1024 points at 10 Hz.
The SLAM system creates a node in its pose graph every
2 m travelled when exploring. The proposed system and the
baseline integrated the LiDAR scans at each SLAM node
using the MultiresOFusion mode in [50] for volumetric
occupancy reconstruction. The voxel resolution used in
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P2P dist (m) P2P dist (m) P2P dist (m)

20 m
MEAN: 18.5 cm MEAN: 10.7 cm MEAN:   5.5 cm

Ground Truth Baseline Proposed w/ Motion AwareProposed w/o Motion Aware

Figure 9: Exp 4.1 – The comparison between (a) the ground truth map of NCD Long experiment and each reconstruction created
by (b) the baseline, (c) the proposed system without motion aware LiDAR integration and (d) the proposed system with motion
aware LiDAR integration. Colours indicate point-to-point distances (P2P dist) between each reconstruction and the ground truth,
and the distributions are also presented beside the colour bar.
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Figure 10: Exp 4.1 – The memory usage and submap counters
of the proposed system and the baseline system in the NCD
Long experiment.

these experiments was 6.5 cm and we integrated LiDAR
ranges between 0.5 m and 60 m. These settings give high
resolution and long range while retaining 3 Hz integration.

Surface mesh representations of the reconstruction, for
example Fig. 8, were created by applying the Marching
Cubes algorithm [26] on the zero-crossings of occupancy.
4.1. Large-scale Outdoor Handheld Experiment

In this section we present the performance of the
proposed system and the baseline when tested using NCD
Long. This dataset consists of a 2.2 km exploration over
44 min in a 135×122 m2 environment. The principled
clustering strategies in the proposed system improve the
consistency of the global reconstruction, as shown
in Fig. 8. The proposed system also demonstrates improved
scalability in memory usage compared with the baseline.
4.1.1. Reconstruction Accuracy

Fig. 8 (a) shows the mesh and volumetric
reconstructions created by the baseline. In particular the
green submap in the Quad area was created as a rigid
fusion of several submaps after multiple loop closures were
established. As shown in the birds-eye view next to the
mesh representation, this submap contains scans taken both
in the Quad and the Tunnel. These scans have limited
overlap with one another and thus registration between
them is unreliable. This led to a duplicate reconstruction of
the indicated wall of the Quad.

By introducing our proposed submap fusion
algorithms, the reconstruction’s consistency is improved as
shown in Fig. 8 (b). The Cloud Overlap Estimate strategy
makes better decisions when the handheld device travels
between the Quad and the Tunnel — maintaining elastic

connections between these two spaces in the global
reconstruction. The measurement of relative uncertainty
also rejects unreliable submap fusions. The global
volumetric map and the submap mesh both demonstrate
improved accuracy in surface alignment.

The two submap reconstructions presented in Fig. 8
were also compared with the ground truth point cloud
provided in the dataset [41]. We used CloudCompare3 to
sample dense point clouds from both meshes, align the
reconstructed point clouds with the ground truth, and
compute the point-to-point distance error between them.
As an ablation study, we include both the result with and
without the motion aware LiDAR integration module. The
results of a quantitative evaluation are presented in Fig. 9,
together with the average point-to-point error of each
reconstruction.

In Fig. 9 (b), misaligned surfaces created by the
baseline method resulted in highly erroneous (>1 m) points
behind existing ones, which are coloured yellow according
to the colour map. With Cloud Overlap Analysis, the
proposed system improved surface alignment and in turn
the average point-to-point distance error (Fig. 9 (c)).

By adding the motion aware LiDAR integration module,
the accuracy of the reconstruction is further improved, as
presented in Fig. 9 (d). The floor is better aligned with the
ground truth, and more points have <5 cm errors.
4.1.2. Memory Consumption

In the proposed system, submaps that have significant
overlapping scan volumes are fused according to their
Submap Overlap Estimate. This is in addition to submap
fusion based on loop closures, and properly allows the map
to scale with the size of the environment rather than the
length of the exploration. Fig. 10 presents the memory
usage and submap counter of the proposed system
compared to the baseline in NCD Long. We compute the
memory usage by summing the size of allocated memory
for each submap’s octree in RAM.

In our previous work [50], the baseline method was
compared against two state-of-the-art reconstruction
pipelines, i.e. OctoMap [21] and Voxgraph [42], and
demonstrated its advantage of efficient reconstruction
memory usage.

3https://www.danielgm.net/cc/
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Figure 11: Exp 4.2 – The proposed system was tested in
a multi-floor multi-room indoor environments. Top: The
reconstruction result where each room is segmented by a
submap indicated by a unique colour; Bottom: The clustered
pose graph nodes using spatial overlap analysis on each floor.

In the baseline method the submaps can only be merged
when loop closures occur which causes memory usage to
grow over time. In contrast, our proposed approach can
merge spatially overlapping volumes such that the number
of submaps can plateau. For the NCD Long experiment,
submap count stabilised at about 30 submaps when the
entire environment has been explored at scan 650. Memory
usage actually decreased after scan 650 to ∼18 GB while
maintaining the 6.5 cm resolution reconstruction. By the
end of the experiment, there was a 65 % reduction in
memory usage compared to the baseline.
4.2. Multi-storey Multi-room Indoor Exploration

In the ORI experiment a quadruped robot Spot explored
three floors of a typical university research lab (Fig. 11); we
show the reconstruction of every floor in the building in
Fig. 12.

New submaps were spawned when the robot entered or
exited rooms because the proposed system detected a
decrease in cloud overlap. Spatial overlap analysis then
merged overlapping submaps in each room, creating a
unique reconstruction for each enclosed space. It further
ensured that these submaps remained independent allowing
future SLAM loop closures to re-position the room
submaps as needed. In the supplementary video we
demonstrate the full experiment and the incremental
mapping of the building.

Segmenting rooms on the fly allows real-time
applications such as path planning and obstacle avoidance
to consider only the minimal submaps rather than the entire
global reconstruction. The proposed system can thus
improve the scalability of other applications.
4.3. Indoor-outdoor Transition Experiment

To demonstrate semantically annotated mapping, we
conducted an experiment with the robot moving from
indoors to an outdoor environment. The goal was to use the

Figure 12: Exp 4.2 – The volumetric submap reconstructions
of each floor (Top: first; Middle: ground; Bottom: basement)
in ORI, with each room segmented into unique submaps by
the proposed system on the fly during exploration.

predicted semantic labels to determine the indoor/outdoor
state.

Semantic classes such as vegetation, grass, water and
terrain are characteristic of outdoor environments. Using
the distribution of predicted labels in each image, we
computed the percentage of labels belonging to such
outdoor classes to determine if the robot was indoors or
outdoors at a given time. If for a set of successive frames,
the percentage of outdoor classes is larger than an
empirically determined threshold (here 20 %) and there are
long range LiDAR returns (>30m) we determine that the
robot is in an outdoor environment. Relying on LiDAR
data makes the system robust to occasional incorrect
predictions by the segmentation network. While this could
have been done in a more involved way, we found that this
simple approach worked well in our experiments.

We used this knowledge of the environment to alter the
length (∼size) of the submaps; 5 m for indoors and 8 m for
outdoors. This helps reduce the memory required in larger
environments. Results of this experiment are shown in
Fig. 13, where parts of the map that are determined to be
indoors are coloured in grey and parts of the map that are
outdoors are coloured using the semantic labels.
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Indoor

Outdoor

Figure 13: Exp 4.3 – Environment Classification: Parts of the constructed map that are classified as indoors (bottom right) are
coloured in grey and parts of the map that are outdoors are coloured by their semantic labels. Lengths of the submaps (number
of nodes) are also different between the two regions.

Figure 14: Exp 4.3 – Drift correction: (a) – the semantically
annotated LiDAR reconstruction with building misalignment
(orange) before loop closure; (b) – the elastic reconstruction
after loop closure correcting the SLAM pose graph.

In addition, Fig. 14 demonstrates the elasticity granted
by submaps. Fig. 14 (a) shows the semantically annotated
LiDAR reconstruction before SLAM loop closure. The
enlarged view highlights a misalignment on the facade of a

building, labelled as orange voxels. In Fig. 14 (b), SLAM
loop closure corrected the pose graph, which in turn
realigned the walls in the zoomed-in view.

Fig. 15 presents the quantitative evaluation of
reconstruction accuracy using the same method as the one
described in Sec. 4.1.1. The average point-to-point distance
error is 5.4 cm, with the most accurate points around the
ground and the lower floors of buildings. For the robot to
scan the upper floors of the building it must do so from
further away which causes there to be slightly higher error
— around 10 cm. The highest errors (>50 cm, coloured
yellow) are the dynamic objects in the scene, e.g. the robot
operator.

15 m

P2P dist (m)

MEAN:   5.4 cm

Ground Truth

Proposed

Figure 15: Exp 4.3 – Reconstruction of the proposed system
(b) compared with the ground truth (a).
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30 m

43 m

Figure 16: Exp 4.4 – The Gazebo environments of a small
(top) and a large (bottom) room network for experiments in
simulation.

4.4. Room Networks in Simulation
To test the performance for long term operation

missions, we carried out two experiments in the Gazebo
simulator with a wheel robot carrying a simulated 3D
LiDAR in the environments in Fig. 16.

In the small room network, the mission looped around
the environment three times in both directions. As shown
by the clustered poses in Fig. 17 (a) there is a clear division
between submaps at each doorway. Each room was
constructed with either one or two submaps — even after
multiple revisits. Fig. 17 (b) demonstrated an
approximately 700 m exploration in a section of the large
room network. Similarly, the room in the middle only
contains two major submaps even after about 10 loops with
different routes. Scans along corridors were also fused
together based on overlap and loop closures, creating only
10 submaps in the end.

Fig. 18 shows that the submap count and memory usage
in both simulation experiments plateaued as the
environments were repeatedly scanned. Overall, the
proposed method decreased the memory usage of both
experiments by 50 % compared to the baseline method even
after extensive exploration and revisiting, such as the
experiment in the large room network (Fig. 17 (b)).

5. Conclusion and Future Work
This paper introduced a set of principled strategies that

leverage spatial overlap analysis to improve the spawning
and fusion of 3D reconstruction submaps. The proposed
system can merge together submaps that scan the same
space, allowing the memory consumption of our
reconstruction to scale with the volume of the explored area
rather than the duration of operation. Additionally, we
improved submap fusion reliability by directly computing
relative uncertainty between pairs of poses in the SLAM
pose graph. These strategies delay submap fusion in 3D
reconstruction until there is sufficient confidence to

(a) Submap reconstruction in the small room network

(b) Submap reconstruction in the large room network
Figure 17: Exp 4.4 – The proposed system segments individual
rooms and fuses redundant submaps during simulation
experiments.

improve global consistency of the overall map.
Furthermore, our system can segment individual rooms

on the fly as a robot explores a room network by using spatial
overlap. This feature can be beneficial to planners exploring
room networks such as in the DARPA SubT challenge.

By introducing semantic segmentation into the
pipeline, our system can annotate a volumetric LiDAR
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(b) The performance in the large room network (simulated)
Figure 18: Exp 4.4 – The memory usage and submap counters
of the proposed system and the baseline system in simulated
experiments.

Yiduo Wang et al.: Preprint submitted to Elsevier Page 13 of 16



Strategies for Large Scale Elastic and Semantic Lidar Reconstruction

reconstruction using semantic labels while maintaining
elasticity using submaps. Semantic information allows our
system to detect the change in surroundings when
transitioning between indoor and outdoor environments,
enabling adjustments to mapping parameters on the fly.
The classification of each voxel is probabilistically updated
during exploration and submap fusion, ensuring the
consistency of semantic information across submaps.

In future work, we intend to improve the accuracy of
annotating LiDAR map using semantic information,
especially around the boundary of objects. Calibration and
synchronisation between LiDAR and multiple cameras can
benefit the direct projection of measurements between
them. Frame-to-frame alignment across camera
measurements can also reduce the impact of robot’s motion
to semantic segmentation. Furthermore, we would like to
expand the capability of our semantic segmentation
module. In particular, indoor semantic labelling will assist
robot’s exploration, such as autonomously inferring floor
plans from a multi-storey reconstruction and enabling
high-level path planning between floors.
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A. Computation of Relative Uncertainty in
Pose Graph SLAM

To compute the relative uncertainty between any pair of
nodes in our pose graph, we derived the following formula
based on the conventions of GTSAM with reference to
Mangelson et al. [27].

First we define the probability distribution of the relative
transformation from submap 𝑖 to node 𝑗 as:

𝑖𝐓𝑗
= 𝐓−1𝑖

𝐓𝑗
(2)

where the poses 𝐓𝑖
and 𝐓𝑗

indicate probability
distributions on 𝐒𝐄(3) following a right-hand composition:

𝐓 = 𝐓̄ Exp(𝜉) (3)
𝐓̄ is the mean transformation of the distribution, and 𝜉 is a
perturbation that follows a Gaussian distribution. In Eq. (2)

we consider that the poses have covariances Σ 𝑖
and

Σ𝑗
, respectively.

In order to derive the expressions for the relative
uncertainty, we need the adjoint action of 𝐓̄ on 𝜉, denoted
as Ad𝐓̄(𝜉), defined as follows:

Ad𝐓̄(𝜉) ∶= Ad𝐓̄𝜉 = Log(𝐓̄ Exp(𝜉)𝐓̄−1)
Exp(Ad𝐓̄𝜉) = 𝐓̄ Exp(𝜉)𝐓̄−1

𝐓̄−1Exp(Ad𝐓̄𝜉) = Exp(𝜉)𝐓̄−1

Exp(𝜉)𝐓̄ = 𝐓̄ Exp(Ad𝐓̄−1𝜉)

(4)

Expanding Eq. (2) using Eq. (3) and Eq. (4):
𝑖𝐓̄𝑗

Exp(𝑖 𝜉𝑗
)

= Exp(−𝜉𝑖
)𝐓̄−1𝑖

𝐓̄𝑗
Exp(𝜉𝑗

)

= 𝐓̄−1𝑖
Exp(−Ad𝐓̄𝑖

𝜉𝑖
)𝐓̄𝑗

Exp(𝜉𝑗
)

= 𝐓̄−1𝑖
𝐓̄𝑗

Exp(−Ad𝐓̄−1𝑗
Ad𝐓̄𝑖

𝜉𝑖
)Exp(𝜉𝑗

)

(5)
Let 𝑖 𝐓̄𝑗

≜ 𝐓̄−1𝑖
𝐓̄𝑗

, then we can establish the
following equivalence:

Exp(𝑖 𝜉𝑗
) = Exp(−Ad𝐓̄−1𝑗

Ad𝐓̄𝑖
𝜉𝑖

)Exp(𝜉𝑗
) (6)

The covariance of the perturbation on the left should be
equal to the one on the right. However, we cannot compute
the covariance directly because of the properties of the
exponential map. Instead, we define𝑖 𝜉′𝑗

= −Ad𝐓̄−1𝑗
Ad𝐓̄𝑖

𝜉𝑖
, and use the

Baker-Campbell-Hausdorff (BCH) formula [24] up to first
order:

𝐸[𝑖 𝜉𝑗
𝑖 𝜉𝑇𝑗

] ≈ 𝐸[𝜉′𝑖
𝜉′𝑇𝑖

] + 𝐸[𝜉𝑗
𝜉𝑇𝑗

]

+ 𝐸[𝜉′𝑖
𝜉𝑇𝑗

] + 𝐸[𝜉𝑗
𝜉′𝑇𝑖

]
(7)

which, after computing the covariance terms, provides an
approximation for the covariance of the relative
transformation:

𝚺𝑖𝑗
≈ (Ad𝐓̄−1𝑗

Ad𝐓̄𝑖 )𝚺𝑖
(Ad𝐓̄−1𝑗

Ad𝐓̄𝑖 )
𝑇

+ 𝚺𝑗

− (Ad𝐓̄−1𝑗
Ad𝐓̄𝑖 )𝚺𝑖,𝑗

− 𝚺𝑇𝑖,𝑗
(Ad𝐓̄−1𝑗

Ad𝐓̄𝑖 )
𝑇

(8)
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